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Abstract 

Let C be a general unital AH-algebra and let ^4 be a unital simple C* -algebra with tracial 
rank at most one. Suppose that (f,^:C^A are two unital monomorphisms. We show 
that and ij: are approximately unitarily equivalent if and only if 

M = [iP] in KL{C,A), 
(^5 = -01) and 

= v^ (eo.i) 



where (^j ^^id ■(/'tt are continuous affine maps from tracial state space T{A) of A to faithful 
tracial state space Tf(C) of C induced by ip and ^, respectively, and (f^ and '0^ are induced 
homomorphisms from Ki{C) into A&{T{A)) / pA{Ka{A)) , where Aff (r(A)) is the space of ah 
real affine continuous functions on T{A) and pa{Kq{A)) is the closure of the image of Kq{A) 
in the affine space Aff(T(A)). In particular, the above holds for C = C{X), the algebra 
of continuous functions on a compact metric space. An approximate version of this is also 
obtained. We also show that, given a triple of compatible elements k E KLe{C, A)~^~^ , an 
affine map 7 : T{C) -> T[{C) and a homomorphism a : Ki{C) AS{T{A))/ pa{Ko{A)), 
there exists a unital monomorphism ip : C ^ A such that [h] = k, — j and (p^ — a. 

1 Introduction 

Let X be a compact metric space and let j4 be a unital simple C*-algebra. Let ip, ip : C{X) — )■ A 
be two homomorphisms. We study the problem when these two maps from C{X), the commu- 
tative C*-algebra of continuous functions on X, into A are approximately unitarily equivalent, 
i.e., when there exists a sequence of unitaries {un} C A such that 

lim u*M)un = ^if) for all / G C{X). 

n— >oo 

In the case that X is a compact subset of the plane and A is the n x n matrix algebra, two 
such maps are unitarily equivalent if and only if the corresponding normal matrices have the 
same set of eigenvalues (counting multiplicity). Brown-Douglass-Fillmore's study of essentially 
normal operators led to the following theorem: Two unital monomorphisms from C{X) (when 
X is a compact subset of the plane) into the Calkin algebra are unitarily equivalent if and only 
if they induce the same homomorphism from Ki(C{X)) into Z. It should be noted that both 
the nx n matrix algebra and the Calkin algebra are unital simple C*-algebras of real rank zero. 

Unital separable commutative C*-algebras are of the form C{X) for some compact metric 
space by the Gelfand transformation. Therefore the study of C*-algebras may be viewed as the 
study of non-commutative topology. As in the topology, one studies continuous maps between 
spaces, in C*-algebra theory, one studies the homomorphisms from one C*-algebra to another. 
In this point of view, the study of homomorphisms from one C*-algebra to another is one of 
the fundamental problems in the C*-algebra theory. At the present paper, we assume that the 
target algebra is a unital simple C*-algebra, which conforms to the previous two mentioned 
cases. Simple C*-algebras may also be viewed as the opposite end of commutative C*-algebras. 



1 



For the source algebra, we begin with the case that it is the commutative C*-algebra following 
the two above mentioned cases. However, we will study the case that source algebras are general 
unital AH-algebras (They are not necessarily simple, nor of slow dimension growth). 

Let 99, ip : C{X) — ?■ ^ be two unital homomorphisms and let / = kevcp. Then / = kerip, 
if if and ip are approximately unitarily equivalent. Therefore, one may study the induced 
homomorphisms from C{X)/I instead. Note that C{X)/I is isomorphic to C{Y) for some 
compact subset of X. To simplify the matter, we will only study monomorphisms. The problem 
has been studied (for some earlier results, for example, see [8] and [9] ). Dadarlat ([2]) showed 
that, if C = C{X) and ^4 is a unital purely infinite simple C*-algebra (such as the Calkin 
algebra), then two unital monomorphisms from C into A are approximately unitarily equivalent 
if and only if they induce the same element in KL(C, A). When the target C*-algebras are finite, 
other invariants such as traces have to be considered. When A is a unital simple C*-algebra 
with stable rank one, real rank zero, weakly unperforated Kq{A) and a unique tracial state, it 
is shown in [6] that if and ip are approximately unitarily equivalent if and only if [ip] = [ip] in 
KL{C{X), A) and to 93 = roip. When the real rank of A is not zero one needs additional data to 
determine when (p and ip are approximately unitarily equivalent. In fact, it is shown (|18)) that 
when C is a some special unital AH-algebra and A is a unital simple C*-algebra with tracial rank 
at most one, two unital monomorphisms ^ : C — t- A are approximately unitarily equivalent if 
and only [(/?] = [ip], ip^ = ip^ and p^ = ip'^, where ip^ and ip^ will be defined below ( ()2.ip and (|2.3p ). 
The technical condition imposed on C{X) is basically said that, ii'-theoretically speaking, C{X) 
has a lower rank. In this paper this restriction on j4//-algebras has been removed. A complete 
criterion is given for two unital monomorphisms from a general AH-algehra into a unital simple 
C*-algebra with tracial rank at most one being approximately unitarily equivalent. 

One may view the result of this paper is a generalization of that in |18j . However, this 
generalization have a number important applications. First, the improvement is based on the 
proof of Theorem 13.61 below. The proof of the main result in [18] among many things uses 
Theorem 3.2 of [18] which in turn, among other things, used the technical decomposition theorem 
of Guihua Gong ([5]). Gong's theorem has a very technical and long proof. The proof of this 
paper does not require to use Gong's decomposition theorem. Gong's decomposition theorem 
played the key role in the classification of unital simple AH-algebras with no dimension growth 
([!])■ While the classification theorem for unital simple separable amenable C*-algebras with 
tracial rank at most one satisfying the UCT in [15] do not require Gong's theorem, however, it 
is Gong's decomposition theorem which shows that every unital simple AH-algebras with very 
slow dimension growth have tracial rank at most one. As in |18j . one sees that the main result of 
this paper can be used to provide a proof of classification theorem for unital simple AH-algebras 
with slow dimension growth. Therefore, one can now provide a proof of classification theorem 
of unital simple AH-algebras with slow dimension growth without using the celebrated Gong's 
decomposition theorem ([21]). 

There are much more than just shorten the proof. One of the long standing problems 
in the classification theory is to classify locally AH-algebra with no dimension growth. The 
problem could be solved if one could establish a version of Gong's decomposition theorem which 
allows maps that are not exactly homomorphisms. Over more than a decade, since the proof 
Gong's decomposition theorem first appeared, the technical difficulty to generalize it to include 
almost multiplicative maps had remained elusive. This author's many attempts failed during 
these years. It is the desire to prove that unital simple locally AH-algebras with no dimension 
growth can also be classified by their Elliott invariant drew author's attention again to Gong's 
decomposition theorem. One application of the results in this paper will be the proof that unital 
simple locally AH-algebras with slow dimension growth are classifiable by the Elliott invariant 

m)- 
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Having stated the importance of the results in this paper in the connection of the Ehiott pro- 
gram of classification of amenable C*-algebras and their independence of Gong's decomposition 
theorem, making no mistake, however, we did not provide another proof of Gong's decompo- 
sition theorem, nor we provide a version of Gong's decomposition theorem working for almost 
multiplicative maps. Instead, we establish a so-called uniqueness theorem for almost multiplica- 
tive maps from unital AH-algebras to unital simple C*-algebra with tracial rank at most one 
(Theorem 15. 3|) . Even without referring to Gong's decomposition theorem and classification of 
simple amenable C*-algebras, we believe that the main results presented here have their own 
independent interest as discussed at the beginning of this introduction. 

The paper is organized as follows: Section 2 serves largely as preliminaries for the whole 
paper. In Section 3, we prove Theorem 13.61 which is the main technical advance of this paper. 
In Section 4, we collect a number of miscellaneous lemmas which will be used in the proof of 
the main results. In Section 5, we prove the main results. To complete our results and make 
application possible, in Section 6, we provide the description of the range of approximate unitary 
equivalence classes of unital monomorphisms from a unital AH-algebra to a unital simple C*- 
algebra of tracial rank at most one. Applications to the study of tracial rank and classification 
of unital simple locally AH-algebras will appear elsewhere ([21]). 
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China Normal University and a NSF grant. The author would like to thank Claude Schochet 
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was now avoided. 

2 Preliminaries 

2.1. Let A be a unital C*-algebra. Denote by T(A) the convex set of tracial states of C. Denote 
by Tf(A) the convex set of all faithful tracial states. Let AS{T{A)) be the space of all real affine 
continuous functions on T{A). Denote by Mn{A) the matrixes over A. By regarding Mn{A) as a 
subset of M„+i(^), define Moo(^) = U^iM„(A). If r G r(^), then rt^Tr, where Tr is standard 
trace on M„, is a trace on Mn{A). Throughout this paper, we may use r for r (S" Tr without 
warning. 

If B is another C*-algebra and ip : A ^ B is a contractive completely positive linear 
map, then (p0idM„ gives a contractive completely positive linear map from Mn{A) to Mn{B). 
Throughout this paper, we may use (p ioi ® idM„ for convenience. 

Let C and A be two unital C*-algebras with T[C) ^ and T{A) ^ 0. Suppose that h : 
C — )• A is a unital homomorphism. Define an affine continuous map /ijj : T{A) — )• T{C) by 
/ijj (r)(c) = T o h[c) for all r G T{A) and c G C. If ^ is simple and /i is a monomorphism, then 
maps T{A) into Tf(C). 

Definition 2.2. Let C be a unital C*-algebra with T{C) ^ 0. For each p G M„(C) define 
P{t) = r (8> Tr(p) for all r G T{A)^ where Tr is the standard trace on M„. This gives positive 
homomorphism pc ■ Kq{C) — ?■ Afi'(T(C)). 

2.3. Let C be a unital C*-algebra. Denote by U (C) the unitary group of C and denote by Uq{C) 
the subgroup of U{C) consisting of unitaries which connected to Ic by a continuous path of 
unitaries. Denote by CU{C) be the closure of the normal subgroup generated by commutators 
of U{C). Let u G U{C). Then u is the image of u in U{C)/CU{C). Denote by CUq{C) the 
intersection CU{C) n Uq{C). 

Now suppose that T(C) ^ 0. Let n > 1 be an integer. Let u G C/o(M„(C)). Let 7 G 
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C([0, 1], C/o(M„(C))) which is piecewise smooth such that 7(1) = u and 7(0). Define 

A{j){r) = l^i^^mt, (e2.2) 

where r is identified with r TV (in particular, for n > 1, r in the above formula is not the 
normalized trace). As in ( [24j ) . the de la Harp-Scandalis determinant provides a continuous 
homomorphism 

A : ur=i(^7o(M„(C))/[/o(M„(C)) n CUo{Mk{C)) ^ AS{T{C))/pc{Ko{C)). (e2.3) 
We win use CU{Moo{C)) for U^^^CUo{Mk{C)). 

Define a metric as follows, u,v € U{Mn{C)) such that uv* G Uo{Mn{C)), define 

dist(u,^;) = ||A(to*)||. (e2.4) 

Note that iiu,v £ C/o(^n(C)), then 

dist{u,v) = \\A{u)-A{v)\\ 

(where the norm is the quotient norm in AS{T{C))/ pc{Kq(C))). 

Note that if n G CU{C), then [u] = in Ki{C). Using de la Harp-Scandalis determinant, by 
K. Thomsen (see }24j). one has the following short splitting exact sequence: 

^ AS{T{C))/pciKoiC)) ^ UiM^iC))/CUiM^iC)) ^ K,iC) ^ 0. (e2.5) 

We will fix one splitting map Jc : Ki{C) U{M^{C)) /CU{M^{C)). For each u G J(Ki(C)), 
select and fix one element Uc G U5^^M„(C) such that u^ = u. Denote this set by Uc{Ki{C)). 

If ^ is a unital C*-algebra and (/? : C — >■ A is a unital homomorphism, then ip induces a 
continuous map 

: U{M^{C))/CU{M^{C)) ^ U{M^{A))/CU{M^{A)). 

Denote by (/?t ; Ki{C) kK{T{A)) / pa{Ko{A)) the map (id- J_a) o (/p^ o J^, where Ja ■ Ki{A) 
U{Mao{A))/CU{Mao{A) is a fixed splitting map. 
If Ki(C) = C/(C)/C/o(C), then, by [24J, 

Uq{C)/CU{C) = Uo{Mn{C))/CU{Mn{C)) 

for all n > 1. 

2.4. Let ^ be a unital C*-algebra and let u G Uq{A). Let 7 G C([0, 1], ?7(^)) such that 7(0) = 1 
and 7(1). Denote by Length({7}) the length of the path 7. Put 

cel(M) = inf{Length7(u) : 7 G C([0, 1], [/(A)), 7(0) = 1 and 7(1) = n}. 

Definition 2.5. Let C be a C*-algebra and let V C K_{C). There exists 5 > and a finite 
subset ^ C C such that, for any 5-t/-multiplicative contractive completely positive linear map 
L : C ^ A (for any C*-algebra A), [L\\v is well defined (see 0.6 of [lO] and 2.3 of [IT] ). Such 
a triple {5,G,V) is called local iC-triple (see [3]). If Ki{C) is finitely generated {i = 0, 1) and V 
is large enough, then [-L]|-p defines an element in KK{C,A) (see 2.4 of [17J). In such cases, we 
will write [L] instead of [i>]|-p, and we will call (5, Q, V) a XX-triple and {5^ Q) a i^ii'-pair. Note 
that, if n is a unitary then, we write {L{u)) = L{u){L{u)* L{u))^^^'^ when \\L(u*)L(u) — 1|| < 1 
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and \\L{u)L{u*) — 1|| < 1. In what follows we will always assume that \\L{u*)L{u) — 1|| < 1 and 
\\L{u)L{u*) — 1|| < 1, when we write {L{u)). 

Suppose that C is a separable C*-algebra and C is the closure of Uj^^C^, where each 
ifm'') and Ki{Cn,m) is finitely generated {i = 0, 1). Denote by z„ : C„ — > C 

(n) 

the embedding and (frn'oo '■ Cn,m — ^ C'n the homomorphism induced by the inductive system 
{Cn.m.-, ^m)- We Say that {6, Q, V) is a i^L-triple, if [z„ o Lp'rn,oo\(V') ^ 'P for some n, m and some 
finite subset V C K_{Cn,m) and if any 5-^-multiplicative contractive completely positive linear 
map L : C ^ A (for any A) gives a (^-^'-multiplicative contractive completely positive linear 
map L o z„ o Lp^m^oo so that (5, Q',V) is a i^i^-triple. 

2.6. If ^ is a unital C*-algebra with tracial rank at most one, then we will write TR{A) < 1 
(see [12J). 

Definition 2.7. Let X be a compact metric space, let x G X and let r > 0. Denote by 0{x,r) 
the open ball with center at x and radius r. If x is not specified 0(r) is an open ball of radius r. 

Definition 2.8. Let X be a metric space and s : C{X) — )■ C be a state. Denote by fis the 
probability Borel measure induced by s. 

The following could be proved directly but also follows from 4.6 of |14j . 

Theorem 2.9. Let X be a compact metric space, let e > and let T C C(X) he a finite subset. 
There exists r/ > satisfying the following: for any o" > 0, there exists ^ > 0, 6 > 0, a finite 
subset Q C C{X) and a finite subset % C C{X)s.a o-nd a finite subset V C K_{C{X)) satisfying 
the following: 

For any unital 5 -Q -multiplicative contractive completely positive linear maps ip,ijj : C{X) — t- 
Mn (for some integer n > 1) for which 

Mv = mv, firo^{Or)>a (e2.6) 

for all open balls Or of radius r > r] and 

\t o {p{a) — TO ip{a)\ < 7 for all a £ H, (e 2.7) 

where r is the tracial state of Mn , there is a unitary u S M„ such that 

Mf)-Aduoi^{f)\\<e for all f^F. (e2.8) 

The following is a variation of Lemma 4.3 of [18] . 

Corollary 2.10. Let X he a compact metric space, e > and J- C C{X) be a finite subset. 
There exists 7]i > satisfying the following: for any iTi > and any < A < 1, there exists 
r]2 > satisfying the following: for any 02 > 0, there exists 5 > 0, a finite subset Q C C{X) and 
a finite subset V C Er(C(X)) satisfying the following: 

For any unital 5 -Q -multiplicative contractive completely positive linear map (p : C{X) — )• M„ 
(for some integer n > 1) such that 

Mv = [H]\v (e2.9) 
for some unital homomorphism H : C{X) — )■ M„ and such that 

fJ-TOip{Or) > O"! and flroip{Or) > ^2 (e2.10) 
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for all open balls Or of radius r > rji and r > rj2, respectively, there is a unital homomorphism 
h : C{X) Mn such that 

Mf) - h{f)\\ < e for all f<-F. (e2.11) 

Moreover, 

IJ-trohiOr) > A(Ti (e2.12) 

for all r > 2r]i. 

2.11. Let C be a unital C*-algebra and let V C K_{C) be a finite subset. There is a finite subset 
J^c,v,h C C and a positive number 5c,-p,h > such that Bott(n, /i)|-p (see the definition 2.10 of 
|17j ) is well defined for any unital C*-algebra A, any unital homomorphism h : C ^ A and any 
unitary u G A for which 

\\[h{f),u]\\<6c,v,h. (e2.13) 
Moreover, by choosing even smaller 6c\p,h, if /ii : C — )• j4 is another unital homomorphism and 

\\h{f) - h{f)\\ < 5c,v,b, 
then Bott(n, hi)\-p is also well defined and 

Bott(n, h)\'p = Bott(u, hi)\'p. 

As in tradition, 

botti(n, /i)|-p = Bott(u, h)\-pr,Ki{C') and botto(ti, h)\p = Bott(ti /^)|•pn_ft:o(c)• 
If Ki{C) {i = 0, 1) is finitely generated, then, by choosing V large enough, we may assume that, 
when (je 2.13P holds, Bott(/i, u) is well defined. Furthermore, we will write 5c^h instead of ^cv^h 
and Fc;b instead of J^c,P,h- 

If C = C(T), let z G U{C{T)) be the standard unitary generator, one writes that 

botti(u, h) = bott(n, h{z)). 
Suppose that there is a continuous path of unitaries u{t) : [0, 1] — Uo{A) such that 

n(0) = u, u(l) = U and \\[h{f), u{t)]\\ < 5c,p,h for ah t € [0,1], (e2.14) 

then 

Bott(n, = 0. (e2.15) 

Now suppose that C is a unital separable amenable C*-algebra which is the closure of 
U^^Cn, where C„ = lim„^oo(C„,m, V^m^) and Ki{Cn,m) is finitely generated {i = 0,1). Let z 
be the standard unitary generator of C(T). We may view as a subset of K^{C (8) C(T)). Let 
Go be a finite subset of C. Define Gi = {g f ■ g £ Go and / € 5}, where S = {1, z, z*}. Let 
Vi=VU P{V) (see 2.10 of [IT] for the definition of /3). Let 6 > 0. Suppose that {6,Gi,Vi) is a 
iCL-triple for C ^ C{T) (by selecting large Go to begin with). 

By choosing even smaller 5c,v,b, we may assume that, if there is a unitary u G A such that 
()e 2.13P holds, and if there is a unital (5-t/i-multiplicative contractive completely positive linear 
map L : C C{T) ^ A such that 

\\L{f 1) - h{f)\\ < 5c,P,b for ah / G J-c,p,b (e2.16) 
and \\u-L{l0z)\\ < 5c,p,h, (e2.17) 

then 

Bott(u,/l)|p = [L]\/3(^-py 
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The following is a restatement of Theorem 7.4 of |17] . 

Theorem 2.12. Let X be a compact metric space. For any e > and any finite subset T C 
C(X\ there exists rj > satisfying the following: For any a > 0, there exists 5 > 0, a finite 
subset Q C C{X) and a finite subset V C K_{C{X)) satisfying the following: Suppose that 
(p : C{X) — )■ Mn is a unital homomorphism such that 

fJ-troifiiOr) > a 

for all open ball Or with radius r > r]. If u £ Mn is a unitary such that 

\\[u,ip{g)]\\ < 5 for all g £ Q and Bott(/i, u)\p = 0, 
then there exists a continuous rectifiable path of unitaries {ut : t £ [0, 1]} of Mn such that 

uq = l,ui = 1a and \\[h{f),ut]\\ < e 
for all f £ T and t £ [0, 1]. Moreover, 

Length({nt}) < 2tt + en. 

3 Almost multiplicative maps from C{X) into interval algebras 

Lemma 3.1. Let X be a compact metric space, let G C Ki[C{X)) be a finitely generated 
subgroup generated by {si, S2, •••) •Sm(x)}- Por any e > 0, any finite subset T C C(X) and any 
finite subset V C ir(C(X)), there exists r] > satisfying the following: For any 1 > o" > 0, there 
exists d> 0, for any a : KL{C{X) ® C(T),C) = Hom^{K{C{X) C(T),K{C)) and for any 
unital homomorphism ip : C{X) — )■ M„ for some integer n > 1 for which 

f^troipiOr) > a (e3.18) 

for any open balls Or with radius r > rj, where tr is the normalized trace on Mn, and 

max{|a(5i)l : 1 < ^ < m{X)]/n < d, (e3.19) 

there exists a unitary u £ M„ such that 

\\[{p{f), u]\\ < e for all f £ T and Bott{(p, n)|-p = a|-p. (e3.20) 

Proof. Let e > and T C C{X) be a finite subset. Let ei = min{e/2, (5c(x),-p,b} let 
^1 = ^ ^ ^C{X),V,h- 

Let 77 > be given by 12.91 associated with e/16 (in place of e) and F. Let cr > 0. Let 7 > 0, 
5 > Q,Q,V C K_{C{X)) and % C C{X) be given by 12.91 associated with the above e/16 (in place 
of e), r/i > (in place of rf) and ct/2. For convenience, we may assume that HU J- C G . We may 
assume that 5 < min{e/2, 1/4}, H^H < 1 if g £ G and lc(X) £ G- 

Let Gi = {9® f '■ 9 £ G and / = l,z,z*} C C{X)<SiC(T), where z is the identity function on 
the unit circle. We may also assume that (5,^1,7^1) is a i^L-triple for C{X) C(T). Moreover, 
we may assume that 5 < Sc{x),'P,h and G 3 fa- 
Suppose that C{X) = lim„_j.oo C(y„), where each 1^ is a finite CW complex. Let im '■ 
CiYm) C{X) be the unital homomorphism induced by the inductive limit system. We may 
assume that there is a finite subset G' C C{Ym) and there is a finite subset T" C K(C(Ym.)) 
such that im{G') D G and [im]{'P') ^ "P- We may also assume that there are s[,S2, £ 



7 



Ki{C{Ym)) such that (imUis'j) = Sj, j = l,2,...,m{X). Let g[ = {g ^ f : g e G' and / = 
l,z,z*}. We may further assume that {6,Q') is a KK-pair for C(Ym) C{T). 

Suppose that Ym is the disjoint union of finitely many connected CW complexes Zi, Z2, Zi. 
Without loss of generality, we may assume that there is, for each i, a finite subset G^^^ C C{Zi) 
such that e-=i^(*) = Q' and there is a finite subset V[ C K{C{Zi)) such that = V . 

Choose G Zi such that G y, z = 1, 2, /. 

Let A^((5/4,gP,p;) be given by Lemma 10.2 of [l8] for C(T x Zi). Define 



N{bi\,g'^,v') = Y,N{bi\,g'i\v[). 



1=1 

Let 



d = min{(T/2, 7} 



Ni6/4,g[,r')- 

Let a be as in the statement and let 

k = max{|a(sj)| : i = 1, 2, m{X)}. 

Note that, if 2; E ker/9c'(y^^-), then /i*o(a;) = 0. Let Y be the compact subset of Ym such that 
«m(C(ym)) = C{Y). Denote by z : C{Y) C{X) the embedding given by im- Let s : X ^ Y 
be the surjective map such that i{f ){x) = f{s{x)) for all / G C{Ym) and x ^ X. 
Choose ;S G i/omA(K(C(F^) ® C(T)),^(C)) defined as 

= [^] («3-21) 
for some point-evaluation (at ^1)^2) -f^ • C'(^m) — ^ (for some integer iiT > 1) and 

l^\li(K{C{Ym))) = « ° [*m]l/3(if(C{Kn))) (e3.22) 

(see 2.10 of [H] for the definition of /3). Let = {5 1 : 5 G U {zi} C C(y^) (g) C7(T), where 
zi = 1® z and z is the identity function on the unit circle. Let L = kN{5, g[,V). 

It follows from Lemmas 10.2 of [18] that there exists a unital -multiplicative contractive 

completely positive linear map <I> : C{Ym) <8> C(T) — Ml such that 

['^]\k{Co{z)) = (3\K{Coiz)), (e3.23) 

where Z = Y x T \ u'^^^j^i x 1c(t)} and where 1 is the point in the unit circle. Define (/9g : 
C{X) ^ Ml by ^^(/) = $(/ 1c(t)) for all / G C{X). Define 

no = L{lc(x) ® 2)(i(lc{x) ® z*)L{lc(x) ® 2))^^^ = (^(lc(X) ® ^)>- 

Then 

Now suppose that f : C(X) — )• M„ for some integer n > 1 for which 

f^tro,piOr) > (7 (e3.24) 
for all open balls Or with radius r > rj, where tr is the normalized tracial state on M„ and 

k/n < d. 
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Note that n> L. We may write that 

n 

fif) = for all / G C{X), (e3.25) 



i=l 

where {pi,P2, ■■■,Pn} is a set of mutually orthogonal rank one projections and S,i G X, i = 
1,2, ...,n. Define if' : C{X) M„_l defined by 

n—L 

Define 991 : C{X) M„ by 

= V>'{f) ® ¥^0(7) for all / G (e3.27) 
Since k/n < d < j(k/L), L/n < 7. Therefore one computes that 

\TOip{g) - TOipi{f)\ < 7 for ah G (e3.28) 
Moreover, since k/n <d< {a/2)k/L, L/n < a/2. Therefore, by (|e3.24|) . 

fJ-troipiiOr) > 0-/2 

for all r > ij. 

It follows from 12.91 (also using ()e 3.2ip ) that there is a unitary w £ Mn such that 

||Adu'0(^i(/) -(^(/)|| < e/2 for ah f e T. (e3.29) 

Put 

n—L 

u = t(;*(diag(l, 1, l,uo))w. (e3.30) 



One check that this unitary u meets all the requirements. 



The following is a folklore. 



□ 



Lemma 3.2. Let X be a compact metric space, let r]i > and ai > (i = 1,2,..., m) with 
r]i > r]2 > • • • > r]m and ai > (T2 > • • • > am, and let < Ai, A2 < 1- There exists 5 > and a 
finite subset Q C C{X) satisfying the following: 

Suppose that A is a unital C* -algebra with T{A) 7^ and suppose that {p,ip : C{X) — )• A are 
two unital positive linear maps such that 

fJ'To^iOr) > aj (e3.31) 

for all r > rjj, j = 1,2, ...,m, and 

\t o (p{g) — TO 'ip{g)\ < 5 for all g G Q. (e 3.32) 

for all T £ T(A). Then, 

for all r > 2(1 + X2)'r]j, j = 1, 2, ...,m, and for all r G T{A). 
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Proof. To simplify the proof, without loss of generality, we will prove only for the case that 
m = 1. The general case follows by taking minimum of m 6's and the union of m Q's. 
There are xi,X2, ■■■,xk G X such that 

uf=iO(xfc,77) dX 

There are fi, f2, fx G C{X) with < /fc < 1 such that fk{x) = 1 if x G 0{xk,rj) and 
fk{x) = if dist(a;, Xk) > (1 + \2)'n- Choose 5 = {I - \i)ai and Q = {/i, /2, fx}- 

Now suppose that ^p^ijj : C{X) — t- A are two unital positive linear maps which satisfy the 
assumption (le 3.3ip and ()e 3.32|) . 

Let X & X and consider 0(x,r) for some r > 2(1 + A2)??- Then there exists such that 
dist(a;,XA;) < rj. This implies that 

0(xfe,(l + A2)r/) C 0(x,r). 

Thus 

;^^oV.(0(a;,?^)) > T o ^/>(/^,) > r o (^(/fc) - (1 - Ai)o-i (e3.33) 

> ^rovp(0(xfc,r?)) - (1 - Ai)(Ti (e3.34) 

> AiCTi. (e3.35) 

for all T G T(^). 

□ 

Remark 3.3. Note that in the above lemma, we insist that 5 and Q do not depend on ip. 
Otherwise one can have better estimates. 

Lemma 3.4. Let X he a compact metric space, let A : (0, 1) — t- (0, 1) he a nondecreasing 
function, let r] > and let < Ai,A2 < 1. There exists 6 > and a finite suhset Q C C{X) 
satisfying the following: 

Suppose that A is a unital C* -algehra with T{A) ^ and suppose that ip,ip : C{X) — )■ A are 
two unital positive linear maps such that 

/U^o^(Or) > A(r) (e3.36) 

for all r > rj and 

\t o ip(g) —TO 'ip{g)\ < 6 for all g £ G- (e 3.37) 

Then, 

/Uro^(Or) > AiA(r/2(l + A2)) 

for all r > 2(1 + A2)r?. 

Proof. Let t] > 0, A and < Ai,A2 < 1 be given. Choose Aq > such that < Aq < A2. Let 
1 > ri > r2 > • • • > Tiv > such that rj > and 

n+i/r, > i=l,2,....,N -1. 

i + A2 

Put r]j = rj and aj = A(r/j), j = 1, 2, — 1. 

Let 5 > and G be required by 13.21 for r]j and aj {j = 1,2, A^),Ai and A2. 

Now suppose that ip,Tp satisfy ()e 3.36P and ()e3.37p . By applving 13.21 we conclude that 
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for all r G T{A) and all r > 2(1 + Ao)r/j, j = 1, 2, iV. 
Now suppose that r > 2(1 + X2)r] > 2(1 + Xo)r]. Then 



> rj. 



2(1 + Ao) 

We may assume that, for some j, 



Then 



Mrov(Or) > AiCTj+i = AiA(r7j+i) (e3.38) 

> X,A{r,j{\±^)) (e3.39) 

> AiA(— -) (e3.40) 



^2(1 + As) 



for all r G r(A). 



□ 



Lemma 3.5. Let u G CC/(M„(C([0, 1])) be a unitary such that 

\\u{0)u{t)* - 1|| < 1 for all t G [0, 1]. (e3.41) 
Suppose that u(0)u{l)* = exp{-</^h) with \\h\\ < 2 arcsin(l/2). Then 

Tr{h) = 0. 

Proof. Write u = exp(\/^a), where a G M„(C([0, 1]) is a selfadjoint element. It follows that 

(^)Tr(a(t)) G Z. 

Therefore Tr(a(i)) is a constant. There exists a selfadjoint element b G M„(C([0, 1]) such that 

u{0)u{t)* = exjp{y/^b{t)) and ||6|| < 2 arcsin(l/2). 

However, u{0)u{t)* G CC/(M„(C([0, 1])). Thus, from what have been proved above, (^)Tr(6(t)) 
is a constant. Since 6(0) = 0, 

{^)Tr{b{t)) = for ah t G [0, 1]. 

Note that h = 6(1). Therefore 

Tr(/i) = 0. 



□ 



Theorem 3.6. Let X be a compact metric space, let T C C{X) be a finite subset and let 
e > be a positive number. There exists r/i > satisfying the following: for any ai > 0, 
there exists r/2 > satisfying the following: for any a2 > 0, there exists 773 > satisfying the 
following: for any (T3 > 0, there exists 774 > satisfying the following: For any (T4 > 0, there 
exists 71 > 0, 72 > 0, 5 > 0, a finite subset Q C C{X) and a finite subset V C K_iC{X)) a 
finite subset % C C{X) and a finite subset lA C Uc{Ki{C{X))) for which [U] C V satisfying 
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the following: For any two unital 5 -G -multiplicative contractive completely positive linear maps 
<f,i; : C{X) M„(C([0, 1]) such that 

Mv = m\v = [h]\v (e3.42) 
for some unital homomorphism h : C{X) — )■ M„(C([0, 1])), 

fJ-TOip{Or) > (Ji, flrorpiOr) > (Ti, (e3.43) 

for all T e r(M„(C([0, 1]))) and for all r > r]i, i = 1, 2, 3, 

\t o ip{g) — T o 'ip{g)\ < for all g £ Ti and (e3.44) 
dist{{ip{u)) , (tpiu))) < 72 for all u eK, (e3.45) 

there exists a unitary W £ M„(C([0, 1])) such that 

\\Wip{f)W* - i;{f)\\ < e for all feF. (e3.46) 

(Note, as stated in l2.H 99 and V' in (|e 3.44p are in fact ip^'idM,, and ip^idmf, for some integer 
/c > 1. This will be used in the proof below.) 

Proof. Put B = M„(C7([0, 1]). 

We may writ© C(^) — liniT^— ^oo 

(C(y„), z„), where Yn is a finite CW complex. Let e > and a 
finite subset F C C{X) be given. Without loss of generality, we may assume that F C in{C{Yn)) 
for some n. Let ?/i > (in place of rj) be required by 12.121 for e/32 (in place of e) and F. 

Let 7/1 = r?i/3. Let fii > and let a[ = ai/2 > 0. Let 5i > (in place of e), Gi C C{X) (in 
place of G) be a finite subset and let Vq C K_{C{X)) (in place of V) be a finite subset required 
by 12.121 for e/32 (in place of e), F, r][ and a[. We may assume that di < e/32. 

There exists a finite CW complex Y, a unital homomorphism i : C{Y) — )■ C{X) and a finite 
subset F' C C(y) such that i{F') = F and [i]{K{C{Y))) D Vq (by choosing Y = Y^ for some 
large n). 

Let < 82 < 8c{Y),h and ^2 ^ -^C(y),b such that (^2,^2) for™s a i^ii'-pair for C(y). 
Let Vq C ^(C(y)) be such that Sc(Y),h = i^CPi^.b- To simplify the notation, without loss of 
generality, we may assume that [«]('Po) = ^o- Put G2 = ^(^2)- 

Denote by z S C(T) the identity function on the unit circle. We may also assume that, for any 
52-{z, 1} X ^2-iiiultiplicatiye contractive completely positive linear map A : C(T) (g) C(Y) — )• C 
(for any unital C*-algebra C with T(C) / 0), [A] is well defined and 

r{[A{g)]) = 

for all g £ Tor(Ki{C{Y))) (which is a finite subgroup). 

Furthermore, we may assume that 62 is so small that if — t;?!!! < 352, then the Exel 
formula ^ 

r(botti(n, w)) = {T{log{u*vuv*)) 

27rv — 1 

holds in any unital C*-algebra C with tracial rank zero and any r G T{C) (see Theorem 3.6 of 
[16]). Moreover if Utii — f2|| < 3(52, then 

botti(n, ui) = botti(n, U2). 

Let U = {gi,g2,-,gkix)} C Uc{Ki{C{X)) be a finite subset such that {[gi], [g2],-, [9k(X)]} 
forms a set of generators for the finitely generated subgroup generated by Vq H Ki{C{X)). We 
assume that m{X) > 1 is an integer and gi G U{Mjn(^x)iC{X)). We may further assume that 
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there are g'^ {j = 1,2, ...,k{X)) in Uc{Ki{C{Y))) such that t{gj) = g'j, j = l,2,...,k{X) (here 
again we identify a set of unitaries with its image in U{C{Y))/CU{C{Y)))). Furthermore, we 
may assume that g'i,g2, ■■■idk^x) generate Ki{C{Y)). Let Uq C C{X) be a finite subset such that 

^ = {(oij) : G Uo}. 

Let Su = min{l/256m(X)2,(5i/16m(X)2,52/16m(X)2} and Gu = U U ^2 U ^/q- 
Let r/2 > (in place of rj) be required by 13.11 for 6u (in place of e) and Qu (in place of T). 
Put r/2 = ??2/3. 

Let (72 > and let = o"2/2. Let 1 > d > be required by 13. II for mm{6i / 4, 62 / 4:} (in place 
e) , Gu (in place of , r/2 and (T2 . 

Let (Js > (in place of 6) and let Q3 C C(T) C{X) (in place of Q) be required by Lemma 
10.3 of [H] for d/8 (in place of a) and T x X (in place of X). Without loss of generality, we 
may assume that 

g3 = {z^g:geg'4}U{l^g:ge G^}, 

where Q'^ C C{X) is a finite subset (by choosing a smaller ^3 and large ^3). 

Let e'l > (in place of 5) and let Q'^ C C{X) (in place of G) be a finite subset required by 
13.21 for r]i,r]2, 0"i,cj2, 1/2 (in place of Ai) and 1/4 (in place of A2). 

Let e'l = mm{d/27m{Xf,6u/2,63/2m{Xf,e[/2m{Xf} and let ei > (in place of 6) and 
^5 C C{X) (in place of Ti) be a finite subset required by 2.8 of [17J for e'/ (in place of e) and 
Qu^Q'a^ Q'l (and C{X) in place of B). Put 

ei = min{e^,e'/,ei}. 

Let r/3 > (in place of rj) be required by 12.91 for ei/4 (in place e) and (in place of F). 

Let r/3 > (in place of r/i) be required by 12.101 for ei/4 (in place of e) and (in place of 
F). Let 773 = minjryg, r/3}. Let (T3 > 0. Let 71 > (in place of 7), ^4 > 0, C C{X) (in place 
of g), n C C{X) be a finite subset and let Vi C K(C(X)) (in place of V) be required by ED 
for ei/4 (in place of e), (in place of F), T73 (in place 77) and (73 (in place a). Let r/4 > (in 
place of r/2) be required by 12.101 for ei/4 (in place of e), (in place of F), rj^ (in place of r]i), 
(T3 (in place of fii). Let 0-4 > 0. Let 5^ > 0, ^7 C C{X) (in place of ^),'P2 C :K(C'(-'^)) (hi place 
of "P) be required by 12.101 

Let 6 = min{ei/4, 54,(55}, G = U Ge U Gr U n and V = Vq U Vi U V2. Let 72 < 
mm{d/16m{Xf ,5u/9m{Xf ,l/256m{Xf}. We may assume that {5,G,'P) is a i^L-triple. 

Now suppose that 99, : C{X) — )■ B are two unital 6-G multiplicatiye contractiye completely 
positiye linear maps which satisfy the assumption for the aboye r/j, 5i {i = 1, 2, 3, 4), 7^ (i = 1, 2), 
V, U and U. 

Choose a partition 

= to < < • • - ^AT = 1 

such that 

IKt o (/?(5() - 7rj^_^ o (^(51)11 < ei/4 and \\TTt o '4){g) - -Kt,^^ o ^{g)\\ < ei/4 (e3.47) 

for all 5 G ^ and for all t G i = 1,2,...,A^. By applying 12.91 for each i, there exists a 

unitary Wi G Mn such that 

\\wiT^U ° V{9)w* - -Kt, ° tp{9)\\ < ei/4 for ah g £ G5 (e3.48) 

and, by 12.101 there are unital homomorphisms /ij,i,/ij,2 : C{X) — )• Af„ such that 

hu°<p{g) - Ki{g)\\ < ei/4 and HvTi, o ^(5) - /ii,2(5')ll < ei/4 for ah 3 G G5, (e3.49) 
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i = 0,1,2, N. Moreover (by also applying I3.2p . 

IJ'troh.^jiOr) > cr[ (e3.50) 

for all r > 77^, k = 1,2, j = 1,2 and i = 1,2, N. Let ujj £ M^(^x){^) be a unitary such that 
ojj £ CU{M^(x){B) and 

\mg*))mgj))-L0j\\<-f2, i = l,2,...,k{X). (e3.51) 

Write 

= exp{\/—laj) 

for some selfadjoint element aj G Mm(x) (-^n(C([Oi 1])))) J = 1) 2, k{X). Then 

n(i(g)Tr^(x))(aj(s)) 
27r 

(s G [0, 1]), where t is the normalized trace on M„. It follows that the above is a constant. In 
particular, 

n(t(g)Tr„(x))(aj(ti)) = n(t (g) Tr„(x))(aj(tj-i)), (e3.52) 

i = 1, 2, TV and j = 1, 2, k{X). 

Let Wi = Wi® idAf„(;^) , i = 0, 1, N. Then 

® idM^^^^){9*)Wi{h,^i ® idM„(^))(<7j)W^* - ^i{ti)\\ < 3miX)hi + 272 < 1/32 (e3.53) 

It follows from (|e 3.5ip that there exists selfadjoint elements bij G ^nm(x) such that 

exp(\/^6ij) = ujj{ti)*{hi^i (g) idM^^^x))i9*jWi{hi^l idM,^^x))i9jWi (e3.54) 

such that 

\\bij\\ < 2arcsin(3m(X)2ei/4 + 272), j = 1,2, ...,k{X), i = 0,l,...,N. (e3.55) 

Note that 

(g) ldM^(^x))i9jWi{hi^i idM„(x))(5j)W^* = Wj(ti) exp{y/^bij), (e3.56) 

i = 1, 2, /c(X) and i = 0, 1, ...,N. 
Then, 

— (t0TrAf„(^))(6ij) GZ,, i = 1,2,...,A:(X), i = 0,l,...,7V. (e3.57) 

Let 

71 

A^j = ^{t^TvM^^^,){bi,j) 

j = 0, 1, 2, /c(X), i = 1, 2, N. Note that A^j G Z. 

Define af'^^ : iri(C(y)) ^ Z by mapping g'j to Ajj, j = 1,2, ...,m{X) and i = 0, 1,2, ...,N. 
We write Ko{C{T) ® C(y)) = Ko{C{Y)) /3(i^i(C(y))) (see 2.10 of [17J for the definition of 
(3). Define : K,{C{T) C7(y)) ^ K^{Mn) as follows 

"iko{c{T)®c{y))([l]) = (e3.58) 

ailkerpc(y) = 0' (e3.59) 

"i|/3{ifi(c{y))) = o /3ki(c(y)) = "f (e3.60) 
"iki{c{T)®c{y)) = 0, (e3.61) 

(e3.62) 
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By the Universal Coefficient Theorem (^23j), there exists an element G KK{C{T) C{Y),C) 
such that ai\Kt{C{T)i^C{Y) = on as defined above, i = 1,2, A^. We estimate that 

\\{'w*_i'Wi)hi^i^i{g) - hi^i^i{g){w*_i'Wi)\\ < ei for all g € G5. 

Let Aj : C(T) C{X) — t- M„ be a unital contractive completely positive linear map given by 
the pair w*_iWi and i = 1,2,...,N (see 2.8 of [IZ]). Denote Vij = hi^i ® idAf^^^j ((7^), 

j = 1, 2, and i = 0, 1, 2, iV. Note that 

l|W^i-i^r-i,iW^-iK_i,,-y;__i^^.t^il^i_ijI^* - 111 < 1/16 (e3.63) 
\\W,.iVU,,W:_,Y,-i,^V*^WiV,,jW: - 111 < 1/16 (e3.64) 

and there is a continuous path Z{t) of unitaries such that Z(Q) = Vi^ij and Z{1) = Vij. We 
obtain a continuous path 

Wi.iV*_,^jWUVi.ijZ{tyWiZ{t)w* 

which is in CU{M^^^^x)) for all t G [0, 1]. It follows that 

(l/27r^/^)(t TrM^,^,)[log(iy,_iy;„i,^.I^^il^,_i,,Z(t)*W^,Z(t)W,*)] 
is a constant. In particular, 

(l/27rV^)(t T,M^,^,){\og{W,.iVU^jWUWiV,^iM)) 

= (l/2^V^)(t TVM„(,))(iog(M^._iF;_i,,wr-iy.-i,,y,:,M^.F„-w,*)). 

Also 

= {ujj{ti_i) exp(\/^6i„ij))*a;j(tj) exp(\/^6ij) 
= exp(-\/^6i_ij)cjj(tj_i)*a;j(ti) exp(\/^6jj). 

Note that, by (|e3.5ip and (|e3.53p . 

Wujiti^iYujjiti) - 111 < 3(3e; + 272) < 3/32, 

j = 1,2,..., m(X), i = 1,2,..., N. ByE3] 

(t^Tr„(X))(log(a;j(ti_i)*tJj(iO)) = 0. 
It follows that (by the Exel formula, using (je 3.66p . (|e 3.69P and (je 3.7ip ) 



(.t ^5 Tr„(^))(bott(y,_i,,-, 



=)(t^Tr„(^))(iog(y;_i,,.w,*_iiy,y,_i,,w,*i^,_i)) 



27ry 



= ){t ^ Ti,^^x))ilog{Wi.iV*_,jWUWiVi.ijW*)) 



2Try 



=)(t$DTY„(x))(iog(Ty.„iyr_i,,w,*_iy.^i,,y,:,iy.y.,,w,*)) 



2Try 



= )(t (g) Tr„(jf))(log(exp(-V^6j_ij)wj(ti_i)*a;j(ti) exp(V^6ij)) 



1 



2^^_=)[(i ® Tr^„))(-V^6,_ij) + (t Trfc(„))(log(ajj-(t,_i)*a;,(ti)) 
+(t0Trfc(„))(^/^6,,j-)] 



1 

2^ 



(t ®Tr;,(„))(-6j_ij +6ij). 



e3.65) 
e3.66) 

e3.67) 
e3.68) 
e3.69) 

e3.70) 

e3.71) 

e3.72) 
e3.73) 

e3.74) 

e3.75) 

e3.76) 

e3.77) 
e3.78) 
e3.79) 
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In other words, 

hoti{V,-i^j, W*_^Wi)) = -Ai_ij + \ij (e3.80) 

j = 1, 2, m(X) and i = 1, 2, iV. 

Define /3o = 0, /3i = [Ai] — ai + oq + /3o and 

A = [Ai] -ai + ai_i + ft_i, i = 1,2,...,7V. (e3.81) 

Define = and = a^ + ft, i = 1,2,..., TV. Note that ai,/3i,Ki G iri^(C(T) ^ C(y)), C). We 
compute that 

Mj) = [Ai](5;.)-Aij + Aoj = 0, (e3.82) 

/32 {g'j) = [A2] (5;) - A2,i + Ai J + /3i (5 •) = and (e 3.83) 

= 0, i = l,2,...,iV and j = 1, 2, A;(X). (e3.84) 

It follows that 

|T«)Tr„(x)(Ki(y))| = Wj/n\<d/2, (e3.85) 

J = 1,2,...,A^ and i = 1, 2, By applying l3.lt there is, for each i = 1,2,..., N, a unitary 
Zi G Mn such that 

II [z„ hi^i{g)]\\ < 5u for all g € Gu (e3.86) 

and Bott(2;j, /ij^i o i) = Kj, i = 0, 1, 2, — 1. (e3.87) 

Let Ui = Zi-iw*_-^WiZ* , i = 1,2, N. Then 

\\[U„hi^i^i{g)]\\ < mm{6i,62} for ah g G G^, (e3.88) 

i = 1,2, N. Moreover 

Bott {Ui, hi-i^i o i) = Bott{zi^i, hi^i^i o i) + Bott{w*_iWi,hi-i^i o i) (e3.89) 

+Bott(4, o t) (e3.90) 

= Ki-i + [Ai]-Ki (e3.91) 

= ai_i + + [Ai] - ai - A (e3.92) 

= ai_i + A_i + [Ai] - ai - ([Ai] - ai + ai_i + /3i_i) (e 3.93) 

= (e3.94) 

i = 0, 1, 2, ...,N - 1. It follows that 

Bott(C/i, /ii-i,i)|p = 0, i = l,2, N-1. 

By applying 12.121 there exists a continuous path of unitaries, {Ui{t) : t £ [ti_i,ti]} such that 

C/i(ti„i) = 1, C/i(ti) = Zi„i?i;*_i?i;i2;* and (e3.95) 
\\U{t)hi^i,i{f)Uity - /i^-i,i(/)|| < e/32 (e3.96) 

for all / G J" and for all t G [ti-i, ti], ^ = 1, 2, N. Define W e B hy 

W{t) =Wi-iz*_^U{t) for all t£ [ti_i,ti], i = 1, 2, iV. 
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Note that W(ti-i) = Wi-iz*_i, i = 1,2, ...,N, and W{1) = wnz*^. One checks that, by (|e3.49p . 
(|e3.95p . (je3.86p . for t G 

o <^(/)Ty(t)* - TTt o (e3.97) 

< \\W{t)TTtOip{f)W{tr -W{t)Trt^_,o^{f)W{ty\\ (e3.98) 

+ o ip{f)W{tr - W{t)h,^i,i{f)W{tr\\ (e3.99) 

+ - (e3.100) 

+ - Wi^ihi^i,i{f)wU\\ (e3.101) 

+ - t(;j-i7rt^_i o ip{f )w*^i\\ (e 3.102) 

+ lki-ivrt,_i o(^(/)w*_i -TTu^i (e 3.103) 

+ lkt,_ioV'(/)-vrtoV'(/)|| (e3.104) 

< ei/4 + ei/4 + e/32 + (5„ + ei/4 + ei/4 + ei/4 < e (e3.105) 

for all / G J". 

□ 

Remark 3.7. By an argument used in 15. 11 we can remove the part of the assumption in ()e 3.42p 
that [(p]\'p is the same as [h]\p for some homomorphism. At present, we do not use that form of 
the statement. 



4 Preparation for the proof 

Lemma 4.1. There is an integer K > satisfying the following condition: Suppose that u £ 
M„(C([0, 1]) for some integer n > K. Then, for any integer k > and any L > 0, ifcel{u^) < L, 
then cel(n) <2tt/K + L/k + Gvr. 

Proof. (See the proof of 6.10 of |15j.) It follows from Lemma 3.3 (1) of [22] that there exists a 
selfadjoint element a G M„(C([0, 1])) with ||a|| < L such that 

det(exp(m)ii^)(t) = 1 

for every t G [0, 1], provided that n> K for some integer K >1. Fix one of such integer n. So 

det((exp(ia/A;)n)'=)(t) = 1 

for all t G [0, 1]. This implies that, for each t G [0, 1], 

det(exp(ia(f)/A;)u(t)) = exp(27rz/(t)/A;) (e 4.106) 

for some integer l{t) < k Suppose that b{t) = —2irl{t)/k. Then b{t) is a real valued continuous 
function on [0, 1], whence it is a constant. Note that 

exp{i(b{t)/n) ex.p{ia/k) = exp(i(6(t)/n + a/k)). 

Then 

det(exp(i(6(t)/n)exp(m/A;)ii) = 1 (e 4.107) 

(for all t G [0, 1]). By 3.4 and 3.1 of [22], 

cel{u) <2Tr/K + L/k + 6Tr. (e4.108) 

□ 
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Theorem 4.2. Let X be a compact metric space. Let e > and let T C C(X) he a finite subset. 
Suppose that A : Uc{Ki{C{X))) — )• M+ is a map. There exist 5 > 0, a finite subset Q C C(X), a 
finite subset V C K_{C{X)), a finite subset of unitaries U C Uc{Ki[C{X))) and an integer L > 
satisfying the following condition: if ipjip : C{X) — t- C([0, 1],M„) (for some integer n > 1) are 
two unital 6 -Q -multiplicative contractive completely positive linear maps such that 

[ip]\j, = and dist{{ip{u)) , {i^{u))) < A(n) (e 4.109) 

for all u & U, then there is a homomorphism ^ : C{X) — t- Mi(M„(C([0, 1]))) with finite 
dimensional range and a unitary U € Ml-|-i(M„(C([0, 1], -/Vf„))) such that 

||C/*diag((/p(/),cI>(/))?7-diag(V(/),'J>(/))|| <e (e4.110) 

for all f €z J-. 

Proof This follows from Theorem 3.2 of [7]. One takes B = M„(C([0, 1])). Note that B has 
stable rank one and i^'o-divisible rank T, where T : N x N is defined by T(k,m) = [m/k] + 1. 
Let K be the constant described in Lemma 3.4 of [2^ (for d = 1). Pick a point ^ G X. If 
n > K, we continue the argument below, li n < K, define (po : C{X) — t- Mx_„(C([0, 1]) by 
^o{f) = fiO^^Mii-n / ^ C'(X). Replacing ip and Tp hy (p ® (po and ip (B and late 

absorbing ipo, we see that we may assume that n > K. 

Then, by 14. 11 B has exponential divisible rank E{L, k), where E(l, k) < 2tt/K + L/k + Gvr. 
It is also easy to see that cer{B) < 2. Then define A : U{Moo{C{X)) — ?■ M+ as follows: 

Let n : U{Moo{C{X))) Ki{C{X)) be the quotient map and let J : Ki{C{X)) 
U^^^U{Mn{C{X)))/CU{C{X)) be the splitting map (seeES]). If u G U{Mn{C{X))) and U{v) / 
0, define vq = v{JoU{v*))c, where JoU{v*)c G UciKi{C{X))). Define A : U{Moo{C{X))) R+ 
as follows: 

A{v) = 2cel{v) + 1 ii V £U^^MMn{C(X))) and (e4.111) 
A{v) = A(Jon(7;)c) + 67r + 2cel(vo) + l if n(t;) 7^0, (e4.112) 

where cel{v) and cel(i;o) is the exponential length olv and vq in U'^^iUo{Mn{C {X))) , respectively. 

Note that, for any finite subset V C U{Mm{C{X))) (for some integer m > 1), if 5 is suffi- 
ciently small and G is sufficiently large (depends only on V), 

cel{cp{v)'ip{v)*) < 2cel{v) + 1/4 < A(t;) for all w G V and U{v) = 0. (e 4.113) 

Otherwise, if n(t;) 0, v = VcVq for some Vc G Uc{Ki{C{X))) and vo G Uo{Moo{C{X))). Thus, 
if G Z^, 5 is sufficiently small and G is sufficiently large (depends only on V and U), 

cel{(p{v)'ip{v*)) = cel{(p{vcVo)i){vQV*)) (e 4.114) 

< cel{ip{v)i^{vy) + l/4 + cel{ip{vc)ip{v*) (e 4.115) 

< 2cel(?;) + 1/4 + 1/4 + A(i;c) + 67r < A(w). (e 4.116) 

Therefore we can apply Theorem 3.2 of ^ directly (and the point-evaluation / i— )• /(,^)idA4 
will be absorbed into $). 

□ 

The following is a folklore. It is a special case of Theorem 3.2 of [7j. It also follows from 
12.101 We state here for the convenience for our proofs. 
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Lemma 4.3. Let X be a compact metric space, let e > and let J- C C{X) be a finite subset. 
There exists 5 > 0, a finite subset Q C C{X) and a finite subset V C KiC{X)) which forms 
a KL-triple for C{X) and an integer N satisfying the following: Suppose that (p : C{X) — )• F 
is a unital 5 -Q -multiplicative contractive completely positive linear map, where F is a finite 
dimensional C* -algebra such that 

Mr = [H]\r 

for some unital homomorphism H : C{X) — t- F. Then there exists a unital homomorphism 
^ : C{X) — )■ M]sf(F) and a unital homomorphism h : C{X) — )■ M]\i^i(F) such that 

Mf)®m-Hm<e 

for all f & F. 

Lemma 4.4. Let X be a compact metric space. Let A : L)'^^iU{Mn{C{X))) — t- M+ be a map. 
For any e > and any finite subset F C C(X), there exist 5 > a finite subset Q C C(X), 
a finite subset V C K{C{X)) and a finite subset of unitaries U C C/c(C(X)), a finite subset 
{xi,X2, ...,Xm} C X and an integer L > satisfying the following condition: ifip, ip : C{X) — )■ A 
(for any unital separable simple C* -algebra A with tracial rank at most one) are unital 5-Q- 
multiplicative contractive completely positive linear maps such that 

= and (e4.117) 

dist(((/j(u)),(^('u))) < A(n) (e4.118) 

for all u then, for any set of mutually orthogonal projections pi,P2, ■■■,Pm £ MxiA) (K > 
mL) with [pi] > L[1a], i = 1,2, ...,m, and YllLiPi — ^Mk(A)i there is a unitary U G Mx+iiA) 
such that 

||[/Miag(v9(/),/f(/))[/-diag(V(/),i?(/))|| < e (e4.119) 
for all f€F, where H{f) = YZi fi^i)Pi for all f G C{X). 

Proof. The proof follows exactly the same way as that of l4.2l Note that it follows from [19] that 
Mj{A) has exponential rank 1 + e for every integer j > 1. Also, by [15], A has stable rank one, 
Xo-divisible rank one, exponential divisible rank E{L,k) = L/k + Svr + 1 (see 6.10 of [15], or 
derive it from 14. Il directlv). Thus Theorem 3.2 of [7] can also be applied as in the proof of 14.21 

□ 

Lemma 4.5. Let X be a compact metric space and let si, S2, Sm G ^^^Pc{x) be a finite subset. 
For any d > 0, there is 5 > and Q C C{X) satisfying the following: For any unital C* -algebra 
A with T(A) 7^ and any unital 6 -G -multiplicative contractive completely positive linear map 
L : C{X) — )• A, one has that 

T{[L]{sj)) < d for all r G T{A), j = 1,2, ...,m. (e4.120) 

Proof. There is an integer tuq > 1 and projections Pi,qi G MmoiC{X)) such that 

[Pi] - [Qi] = Si, 1 = 1;2, ...,m. 

Note that, for any r G T{A), 

T{Pi) = T{qi), i = l,2,...,m. 

Now suppose the lemma is false. Then there is do > 0, a sequence of unital C*-algebras 
An with T{An) / 0, a sequence of (J^-^ri-multiplicative contractive completely positive linear 



19 



maps Ln ■ C{X) — An with X^^i < oo and U^^-^Qn is dense in C{X) such that, for some 
Tn G T{An) and I < j < m, 

\Tn{Ln (E) idAf„„ - ^j))! > cIq (e 4.121) 

for all n. Define L : ^ n^=i by = {L„(/)} for all / € Let vr : n^=i ^ 

n.r=i ^n/ be the quotient map. Then vr o L : C(X) H'^^i An/ ej^^ ^„ is a unital 

homomorphism. Therefore, for any tracial state t E T'dlJ^i ^n/ ®^=i ^n)i 

tiin o L) » idM^„)(p, - Qj)) = 0. (e 4.122) 



Let Tn : HJ^Li C be defined by T„(a) = r„(7r„(a)) for all a G D^i^n, where iin ■ 

YYn=i An — )• An is the projection to the n-coordinate. Then T„ is a tracial state. Note that, for 
any a G e~=i^n, 

lim r„(a) = 0. (e 4.123) 

n— ^-oo 

Let T be a limit point of {Tn}- Then, by (|e4.123|) . T defines a tracial state on A-n/ ®^i^n- 

Therefore, by (le 4.1221) . 

r(((7r o L*o) <^ idM™J(Pi - = 0- 
It then follows that, for some subsequence {n^}, 

lim Tn^iiLn idM™J(Pi - <lj)) = 0- 

K— )-00 

This contradicts with (|e4.12ip . The lemma follows. 

□ 



When Ki{C{X)) (i = 0,1) is finitely generated, the following follows from 10.2 of |18j . 
We make a modification so it also applies to the case that Ki{C{X)) (i = 0, 1) is not finitely 
generated. 

Lemma 4.6. Let X be a compact metric space. For any 5 > 0, any finite subset Q C C{X) 
and any finite subset V C Kj^C{Xy) for which the intersection of Vsipa^x) o,nd the subgroup 
generated by V is generated by gi, g2, dk such that (6,0,7^) is a KL-triple, there exists an 
integer N{6, Q, V) satisfies the following: 

For any unital 5 -Q -multiplicative contractive completely positive linear map L : C{X) — t- 
where B = Mn, or B = M„(C([0, 1]) (for any integer n > 1) with K = max{|L(<^j)| : 
i = 1,2, There exists an integer N{K) > 1 satisfying the following: for any integer 

N > N{K)/n, there exists a unital 6 -Q -multiplicative contractive completely positive linear map 
Lq : C{X) MnN C Mn{B) C such that 

< N{5,g,V) and (e 4.124) 

max{K, 1 j 

([L] + [Lo])|p = [H]\r (e4.125) 

for some unital homomorphism H : C{X) — )■ Mij^n{B) with finite dimensional range. 

Proof. Write C{X) = \m\n^oo C (Yn) ■, where each Yn is a finite CW complex. We use im. ■ 
CiYm) C{X) for the homomorphism given by the inductive limit system. Without loss 
of generality, we may assume that Q C Zm{C(Ym)) for some m > 1. Let Q' C C{Ym) be a 
finite subset such that im{Q') = Q- We may further assume that V C [irri\{KiC {Ym))) and 
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V' C K_{C{Yrn)) is a finite subset such that [im]('P') = 'P- As defined, we also assume that {5, Q') 
is a ETET-triple for C(y„). 

Let im{C{Ym)) = (^(y), where y is a compact subset of Ym- Note that im induces an 
embedding i : C{Y) — t- C{X). Denote hy s : X ^ Y the surjective continuous map given by ^, 
i.e, = for all / G C(y). 

Suppose that Ym is a finite disjoint union of connected finite CW complexes Zi, Z2, Zi. One 
can choose S such that & Y, i = 1, 2, /. There are si, S2, G u[^iK(){C{Zi \ 
such that [zm,](sj) = gi, i = 1, 2, A;. Write i^o(C'(-^A = Z,*^*-*^ ©Gj, where Gj is the torsion 
subgroup. Since Kq{C) = Z and i^i(C) = {0}, any homomorphism from Ki{C{Ym)) into Ki{C) 
vanishes on Tor{Ki{C{Ym))), i = 0,1. To simplify the notation, without loss of generality, we 
may assume that si,S2, ...jSfc are the standard generators for (B^^i'^^^^'^K We may assume that 
Q[ C C{Zi) is a finite subset such that (B^^iQ^ = V and V- C A^(C(ym)) is a finite subset such 
that Qi^-^V'i = v. 

Applying 10.2 of [18] to each component Zi, we obtain an integer Ni{5,Q[,V[) given by 10.2 
of [18]. Let N{5,g,V)=Y.\=iNi{5,G[,V'i). 

Now let L : C(X) — )• i? be a (5-^-multiplicative contractive completely positive linear map . 
Put L' = Loim : C{Yra) M„. Let k £ Homf^{K{C{Yra)),K{B)) be given by L' . Let ki £ 
KK{B,C) be given by a point-evaluation, if i? = M„(C([0, 1]), or ki is given by the identity, if 
B = Mn- In either cases, one may view ki is an identity on K_(B) = K_{C). Put 

K = max{|K(sj)| : j = 1, 2, A;}. 

It follows from 10.2 of [18] that there exists an integer N{K) > 1 and unital ^-^'-multiplicative 
contractive completely positive linear map L'q : C(Ym) — )■ such that 

^^^^ < N{6,g,V) and (e 4.126) 



max{X, 1} 

[K]\K{Co{ZMi^})) = -('^1 X '«)lMC^o{^Ate}))' ^ = (e4.127) 

If > N{K)/n, by adding some point-evaluation, if necessary, we may assume that L'q maps 
C{Ym) into a C*-subalgebra D = MnN and D is a C*-subalgebra of Mn{B) with Id = iMiv(B)- 
Then, viewing Lq maps C(ym) into Mn{B), 

'^ + [^o]k(Co(ZAte}))=0- (e4.128) 
There is a point-evaluation ho : C(ym,) — )• Mn+N{B) at {^1,^2, •••76} such that 

[L'©L[)] = [/lo]. (e 4.129) 

We may write 

h^U) = ^/te)p. for all / e C(y„), 

where pi,P2, ■■■^Pi are mutually orthogonal projections in Mn+i{B). There is a unital contractive 
completely positive linear map Lq : C{X) — )• Mn{B) such that 

Lq ° im\c{Ym) = ^'o- 
Note that Lq is (5-^-multiplicative. Define H : C{X) — )■ Mn+i{B) by 

H{f) =Y.f{s{i,))p^ for all / G C(X). 

j=i 
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Then 

[L®Lo]\t = [H]\v. 

□ 

Lemma 4.7. Let X he a compact metric space, let e > 0, let C C{X) be a finite subset. 
There exists a finite subset {xi,X2, ■■■,Xm} C X (m>l) satisfying the following: for any unital 
homomorphism ho : C{X) — >■ C([0, 1],M„) with finite dimensional range, 

m 

\\{ho e hi){f) -J2fixi)Pi\\ < e for all f e T, (e4.130) 

1=1 

where hi : C{X) — > C([0, 1], M(j„„x)ra) ^•^ o, unital homomorphism with finite dimensional range 
and {pi,P2, ■■■,Pm} is a set of mutually orthogonal rank n projections. 

Proof. Let r] > such that 

\f{x) - f{x')\ < e/4 for all feT, 

provided that dist(a;,a;') < rj. Let {xi,X2, ...jXm} be an 77-dense subset of X. Suppose that 

ho : C{X) — 5- C([0, l],Mn) is a unital homomorphism with finite dimensional range. Then there 
are yi, 2/2, 2/n ^ ^ and mutually orthogonal rank one projections ei, 62, e„ such that 

n 

hoif) = Yl fiVi^i all / e C'(X). (e4.131) 

i=l 

Divide {yi,y2, ■■■,yn} into N disjoint subsets li,l2, •••,^Ar with 1 < N < m such that 

distiyi,Xj) <r], (e 4.132) 

if yi G Yj. Let Ej = ^y.^Yj ^« ^^'^ denote by Rj the rank of Ej, j = 1, 2, N. Choose mutually 
orthogonal projections qi,q2, ■■■,Qm € C([0, 1], M(^_i)„) such that rank of qj = n — Rj, j = 
1,2, ...,iV and rank qj = n ii N < j < n. Note YJjLilj = 1m(^_i)„- Define hi : C{X) 
C([0,l],M(„_i)„)by 

n 

hi{f)=Y,f{x,)q, for all / G C(X). 

Let pj = Ej + qj \i I < j < N and pj = qj if N < j < m. Note that pj has rank n for 
j = 1,2, ...,m. One then checks that 

m 

\\{ho®hi){f) -Yf{xk)pk\\ < e for ah / G ^. 
k=l 

□ 

Lemma 4.8. Lei X be a compact metric space, let V C K{C{X)) be a finite subset and let G 
be the subgroup generated by V. Suppose A : (0, 1) (0, 1) is a nondecreasing function, 77 > 
and Ai,A2 > are given. Suppose that gi, g2, gk are generators of G rikerpc{x)- 

Suppose that L, A : C{X) — t- A (for some unital separable simple C* -algebra with tracial 
rank at most one) are two 6 -G -multiplicative contractive completely positive linear maps for 
which [L]{gi) and [A]{gi) are well defined (i = 1,2, ...,k), where S is a positive number and Q is 
a finite subset of C {X) , 

\T{[L]{gi))\ < a and |r([A](5i))| < a for all r G T{A), % = 1,2,..., k, (e4.133) 
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for some 1 > cr > 0, and 

/iroL(Or) > A(r), flroA{Or)> A(r) (e4.134) 

(e 4.135) 

for all T G T(A) and for all r > rj. 

Then, for any e > and any finite subset J^, any mutually orthogonal projections ei, 62, cat, 
any finite subset % d A and Rq > 1, there exists a projection p £ A and a unital C* -subalgebra 
B = (B'j^iC{Xj, Mr(^j)), where Xj = [0,1], or Xj is a single point, with 1b = p, mutually or- 
thogonal projections e'^, 62, G B and a unital [5 + e)-Q -multiplicative contractive completely 
positive linear maps 1^1,4^2 '■ C{X) — )• B such that 

\\L{f) - [(l-p)L{f){l-p) + Mf)]\\ < e, (e 4.136) 

\\A{f)-[{l-p)A{f){l-p) + Mm\<^ for all f€T, (e 4.137) 

t{1-p) < r], r(e-) > mm{(l - Ai)T(ei) : r G T{A)} for all t G T{A) (e 4.138) 

r{j)>Ro, j = l,2,...,k, (e4.139) 

\\pe,p-e'^\\ < e,tj,^{e'i) > min{(l - Ai)r(ei) : r G T{A)} (e4.140) 

\tjA[^l]{9^))\ < (1 + Ai)a, \tj,,{[iJ2]{9^))\ < (1 + Ai)a (e4.141) 

j = l,2,...,k and x e Xj (e 4.142) 
Mi,,.o^i(Or) > (l-Ai)A(r/2(l + A2)), /u^^. ^0^2 (Or) > (1 - Ai)A(r/2(l + A2)) (e 4.143) 

for all r > 2(1 + X2)r] (We use tj^x for tj^x ® Tci? on B ® Mr, where tj^xif) = t o f{x) for all 
f G C{Xj, Mj,Q)), for all x G Xj and t is the normalized trace on Mj.(^j^ and Tir is the standard 
trace on Mr.) 

Moreover, for any eo > 0, one may assume that 

\\pa — ap\\ < eo and pap Geo ^ for a 

If furthermore, [L]\p = [A]\p (in KK{C{X),A), then, by taking small 5 and larger Q, de- 
pending only on V, one may further require that 

[Vi]|p = MIp in KK{C{X),B). 

Proof. The proof is a modification of that of Lemma 9.7 of |18j . We repeat many arguments 
here. Let Pj,qj G Mr{C{X)) such that 

[Pj] - [ij] = 9j, j = 1,2,..., A;, 
for some integer R>1. There exists of a sequence of projections pn & A such that 

hm \\cpn — Pnc\\ = for ah c £ A, (e 4.144) 

n— >oo 

and there exists a sequence of C*-subalgebras Bn = ©^^^ C {Xj^n, Mr{j,n)) (where Xj^n = [0, 1] 
or X is a single point) with 1b„ = Pn such that 

hm dist(p„cp„, i?„) = and (e 4.145) 

n— >oo 

hm sup {t(1 -p„)} = 0. (e4.146) 

Moreover, by 3.3 of |15] . we may also assume that r{j,n) > Rq for all j. For sufficiently large n, 
there exists a contractive completely positive linear map : pnApn — )• Bn such that 

lim ||L^(a) — PnapnW = for all a G A 
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(see 2.3.9 of [llj). There are (see 2.55 and 2.5.6 of [llj) mutually orthogonal projections ej^„ G Bn 
such that 

lim WpneiPn - e'i n\\ = 0, i = l,2,...,N. 

n— >oo ' 

We have 

lim ||L(/)-[(l-p„)L(/)(l-p„)+L>L(/)]|| = and (e4.147) 
lim II A(/) - [(1 - p„)A(/)(l - p„) + L'^ o A(/)] II = for all / e C{X). (e 4.148) 

n— >oo 

Define L'^ j^ : Mr{A) ^ Mr{A) by L'^(^idMn and Lr : Mr{C{X)) ^ Mr{A) by Lr = L(^-idMn- 
Suppose that there exists a subsequence {nfc}, {jk} and {xjt} G [0, 1] such that 

LR[pi-qi))\>{l + \i)cJ (e 4.149) 

for all /c. Define a state T^, : A — )• C by Tk{a) = tjj..^^(a), = 1,2, .... Let T be a limit point. 
Note T]^{1a) = 1- Therefore T is a state on A. Then, by (je 4.149p . 

\T{[L]{gi))\>{l + \i)a. (e4.150) 

However, it is easy to check that T is a tracial state. This contradicts with (le 4.133p . Put 
tpi = L'^o L and ip2 = o K for some large n. Then we have shown (for the choice of large n) 
that (Ie4.136p . (je 4.1371) and (|e 4.1421) hold. 

A similar argument shows that, for some sufficiently large n, 

t.M.n) > min{(l - XiMa) : r € T{A)}, 

i = 1,2, N, for all x £ Xj and j = 1, 2, ...,m{n). 

Moreover, a similar argument shows that, for any finitely many /i, /2, /at G C'(^) such 
that < /j < 1, i = 1, 2, A^, we may assume (by choosing large n) that 

hxoMfk) > (1 - Ai/2)min{T(L(/fc)) : r G T(^)} and (e 4.151) 

ij> o ^2(/fc) > (1 - Ai/2)min{r(A(/fc)) : r G T{A)} (e 4.152) 

for all X G ATj, j = 1, 2, m. By choosing sufficiently many (but finitely many) fj 's, using the 
argument in the proof of I3.2( we may assume that 

^i,,.oV-,(a) > (1 - Ai)A(r//2(l + A2)) (e 4.153) 

for all r > 2(1 + A2)?? and for all x G X, j = 1, 2, m and i = 1, 2. 

So the first part of the lemma follows by choosing B to be Bji, p to be pn and ipi to be L'„ o L 
and V'2 to be o A for some sufficiently large n. Note, by (|e4.144p and ()e4.145p . for any eo > 
and any finite subset Ti, we can assume that 

\\pa — ap\\ < eo and pap Ge^ B 

for all a G H. 

To see the last part of the lemma holds, taking a commutative C*-algebra C and considering 
the maps L (g) idMi(c) and A (g) idMi{C) from C(X) (g Mi{C) into A (g Mi{C). There is isTo > 1 
such that, if X G Tor{Ki{C{X))) n G, then ii'ox = 0. Let Ci, C2, CkqI be unital commutative 
C*-algebra such that Ko{Cj) = Z®Z/jZ and Ki{Cj) = {0}, j = 1,2, ...,Ko\. Let I > 1 be an 
integer such that a set of generators of Ko{C{X) ^ Cj) H G and Ki{C{X) ® Cj) r\ G can be 
represented by projections and unitaries in Mi{G{X) ® Gj) = G{X) Gj Mi, j = 1, 2, KqI. 
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Choose < ei < e and a finite subset J^i D (which depends on Kq and I above). Then 
one appHes the first part of the lemma for this ei and Ti. For a finite subset of projections 
Ei,E2,...,Ek e C{X) (g) Cj (g) Ml, if in addition that [L]\-p = [A]\-p (with sufficiently smah d 
and sufficiently large G), there are partial isometries Wi, W2, Wk ^ A^Cj® Mi+r for some 
integer R>0 such that 

WiW* =E[® idM«(c,) and W,*Wi = E'l idM«(c,), 
where E[ and E'f are two projections such that 

\\E[-L®idM,{Ci){Ei)\\ < 1/16 and \\E'l - k®iAM,ic,){Ei)\\ < 1/16, 

i = l,2,...,K. 

Fix eo > 0. One then chooses a large H so that 



\\pa — ap\\ < Co and pap E^o ^ 



imply that 



\\{p (g) idMi+i,{Cj))Wi - Wi{p (g) idM«(c^))|| < ei, 

II (P <^ idM,+«(Q))(£^i ® idMH(Q)) - (E'i ® idMH(Q))(P <^ ^^^Mi+niC^). 

II (P <^ idM,+«(c,))(£^f <^ idMK(c,)) - idMH(c,))(P «> idM(+H(Q 

II (P idM,(c,))-E^i - E'i{p (g idM((c,)) II < ei and 

II (P «) idM,(c,))^f - E'/{p (g idM,(Q)) II < ei 



(e 4.154) 
< ei and (e 4.155) 
II < ei, (e4.156) 
(e 4.157) 
(e 4.158) 



as well as 



(e 4.159) 
(e4.160) 
(e4.161) 



{p (g idM,+«(c,))W^i(P idM,+fl(Ci))(P ® idM;+fl(c^)) ^ei ^ <^ Mi+R{Cj), 
{p (g idA^,^^(c^.))(£;^ «> idMK(C,))(P «> idM(+H(Q)) e« ^ <^ Ml+R{Cj) and (e4.162) 
(P <^ idM,+«(Q))(£^f <^ idM«(c,))(P <^ idM,+K(Q)) (g M,+ii(Cj). (e4.163) 

It follows that (with small ei) there are projections e[,e'l G S (g Mi{Cj) such that 

||e- - (p (g) idM,{Cj))E'i{p (g) idM,(c^))|| < 2ei, ||e-' - (p (g idM,(c,))£^i'(P ® idM;(C,))ll < 2ei and 

[e^] = [e^] in ifo(S). 

Therefore, one has 

[Vi]([£;^]) = [V'2]([i^.]), i = i,2,...,i^. 

From this, one concludes that one may require that 

[i/ji (g idcj)]\Ko{C{x)®Cj)nG = [V'2 <S) idcJko(C(x)®c,)nG, 
j = 1, 2, Kq!. a similar argument shows that one may also require that 

[ipi (g> idcj]\Ki{C{x)(S)Cj)nG = [^2 idcJki(C(x)®c^)nG, 
j = 1, 2, i^o!- It follows that one may require that 

[V-i] = [^-2] in KK{C{X),B). 



□ 
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5 The main results 



Lemma 5.1. Let X be a compact metric space, let e > 0, eo > 0, let {xi,X2, ■■■,Xm} C X, let 
J- C C{X) be a finite subset and let A : (0, 1) — >• (0, 1) be an increasing map with lim(_>.o A(f) = 0. 
Let V C K_{C{X)) be a finite subset, K > 1 be an integer and let ijq > 0. Then, there exists 
rj > 0, 6 > 0, a finite subset Q C C{X) satisfying the following: For any unital 6 -G -multiplicative 
contractive completely positive linear maps L,A : C{X) — )• A for some unital separable simple 
C* -algebra A with tracial rank at most one for which 

[N\\v = [L\\v and firoL{Or), f^roUOr) > A(r) (e 5.164) 

for all open balls Or with radius 1 > r > rj, and, for any cqq > and any finite subset Ti G A, 

there exist mutually orthogonal projections 

Pi, Pa, P3,Pi,P2, ■■■,Pm G A with Pi e Pa e Ps e ET=i Pi = 

r(P3) > 1 - eo for all t e T{A) and (e 5.165) 

K[Pi(BP2]<[Pi], i = l,2,...,m, (e 5.166) 

and there exists a unital e-J-' -multiplicative contractive completely positive linear map ip : C{X) — )■ 
P2BP2 whose range contained in a finite dimensional C* -subalgebra, unital e-J- -multiplicative 
contractive completely positive linear maps Hi,H2 : C{X) — )■ P^BP-^ C P^AP^, where P2,P3, 
Pi,P2, ■■■,Pm ^ B, B = (BjLiBj, and Bj = C{Xj, Mr(^j)) (Xj = [0, 1], or Xj is a point) with 

[Hi]\v = [H2]\v = [ho]\v, 

for some unital homomorphism Hq ■ C{X) — )• C, where C = P^BP^, C = (BjLiCj and Cj = 
C{Xj,M,i,'(^j)), and a unitary W €z A such that 

m 

\\L{f) - [(PiL(/)Pi e Fi(/) e ^{f) e f{x,)p,] \\<e (e 5.167) 

1=1 

m 

II Ad W o A(/) - [Pi (Ad W o A)(/)Pi e H2{f) e V(/) e f{xi)p^] \\<e (e 5.168) 

i=l 

for all f ^T, (e 5.169) 

■m 

H^^.ohXOt) > A(r/3)/2 and t{P2 + Y,Pi) < (e5.170) 

i=l 

for all r > 7]q, x G Xj, where tj^x is the composition of the point- evaluation at x and the 
normalized trace on Mj.'(^j-), j = 1, 2, k, and for all t G T{B), and 

||Pia-aPi|| < eoo, (1 - Pi)a(l - Pi) Geoo ^ for all a G -H U L(J") U A(J"), (e 5.171) 

where 1b = ^ — Pi-, Moreover, 

[P^LPiWr = [Pi(Adiyo A)Pi]|p. (e 5.172) 

Proof. Let e, eo, {xi,X2, ...,Xm} C X, a finite subset T <G X, a, finite subset V C K_{C{X)), A, 
K >1 and r/o > be as described. We may assume that {e,J^,V) is a KL-triple for C{X) and 
< eo,e < 1/16. 

Let 5i > (in place of 6), Qi C C{X) be a finite subset (in place of G), Vi C K.{C{X)) (in 
place of V) be a finite subset and Ki be an integer (in place of L) for min{e/16, eo/16} and J- 
required by 14.31 
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We may also assume, without loss of generality, that V C Vi and {Si,Qi,Vi) forms a KL- 
triple. We may further assume that, if L',L" : C{X) — )• C (for any unital C*-algebra C) are 
e-^i-multiplicative contractive completely positive linear maps and 

||L'(/)-L"(/)|| <e for all f G Gi, 

then 

[L']\v, = [L"]W 

Let G be the subgroup generated by Vi and let si, S2, Sk^ be a set of generators of G n 
Let €2 = min{e/64, eo/64, 6i/2, 5' /2} and ^2 = -7^ U U G'. 

Let A''! = N{e2,G2,'Pi) be as in 14.61 where 5 is replaced by e2, G is replace by G2 and V is 
replaced by Pi. 

Let A''2 (in place m) and {yi,y2, ■■■,yN2} (iii place of {xi,X2, ■■■,Xm}) be as in 14.71 for 62 (in 
place e) and G2 (in place of J-). One may assume that N2 > m and = Xj, j = 1, 2, m. 
Choose Tj' > satisfying the following: 

|/(x)-/(x')| <e2/16 

for all / G G2, if dist(x,x') < 2?]'. Moreover, we may assume that 

Oir^'iVj) n Oirj'iyi) = if « / j. 

Choose 7]" > such that ?/' < ??o/4 and 

A(W4)_ 
^' ^ 256A^2 

Choose 

rj = min{?7i/4, 772/4, 7774, T/'74}. 

Let (52 > (in place of 6) and let G3 C C{X) be a finite subset required by Lemma 9.6 of 
[18] for £2/2 (in place of e), G2 (in place of .F), rj and 1/256 (in place of r). 

Choose K to be an integer which is greater than the integer K given by this lemma. We 
may assume that K > A. Choose d > such that 

WdKNiN^iKi + 1) < eoA(r/)/2^\ (e 5.173) 

It follows from 133] that there are ^3 > and a finite subset Ga C C{X) such that, for any 
unital (53-^4-multiplicative contractive completely positive linear map ^' : C{X) — t- C (for any 
unital C*-algebra C with T{C) / 0), 

|r([^](si))| < d/8 for all r € T((:7). 

Let 5 = min{e2/4, ^2/4, ^3/4, 64} and G = ^i=iGi. 

Now suppose that L, A : C(X) — t- ^, where ^ is a unital simple C*-algebra with tracial rank 
at most one, satisfy the assumptions of the theorem for the above 6, G, V and A. 

By Theorem 9.6 of [18] and by the choice of r/, there exists projections Qi,Q2 & A and two sets 
of mutually orthogonal projections {£^1, E2, ...,Ej\f^} in (1 — Qi)A{l — Qi) and {E[,E2, ...,E'j^^} 
in (1 - Q2)^(l - Q2) such that E, = 1 - Q^, E[ = (1 - Q2), 

N2 

\\L{g) -[QiL{g)Qi®Y.g{yi)EM < ^2/2, (e5.174) 

i=l 

\\A{g) - [Q2A{9)Q2 e J2 9{yi)El] \\ < £2/2 (e 5.175) 

1=1 
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for all g £ G2, 

A(r/) > T{Ei) > (1 - l/2^2)A(r/) and (e 5.176) 

A(r/) > r(i?0 > (1 - l/2'')A(r/), i = 1,2, N2, (e 5.177) 

for all T G ^(74). Since ^ has tracial rank at most one (see Lemma 9.9 of ^18]), there is, for each 
i, a projection < Ei such that [qi] < [£"•] and 

T{qi) > (1 - l/2i^)A(r?) for all r G r(^). 

Let q'i < E[ such that fe] = [(7,^], i = 1, 2, N2. Let Qo = 1 - E£'i H and = 1 - E^I'i 'Z^- 
Then, we have that 

N2 N2 

\\L{g) - [QiL{g)Qi ®J^g{yi){E, - qi) + g{y.,)q,]\\ < £3/2 (e 5.178) 

i=l i=l 

\\A{g) - [Q2A{g)Q2 ®Y.g{yi){E[ - + Y^g{y,)q[\\ < £3/2 (e 5.179) 

1=1 i=l 

for all g £ G2- Since [qi] = [g^], i = 1,2, N2, there is a unitary Wi G j4 such that 

WU'.Wi = qi, i = l,2,...,N2 and VK^Q'ot^i = Qo- 

Define Li : C7(X) ^ QoAQo by Li(/) = QlL(/)QleE^='l fivdiE^-qi) for all / G C{X). Define 
Ai : C7(X) ^ Qo^Qo by Ai(/) = H^;(Q2A(/)Qi " idWi for aU / G C{X). 

Then Li and Ai are e2-^4-multiplicative and 

N2 

\\L{g) - [Li{g)+Y,g{yi)qi]\\ < €2/2 and (e 5.180) 

i=l 

N2 

\\ Ad Wi o A{g) - [Ai{g) + Y^g{yi)qi]\\ < €2/2 (e 5.181) 

1=1 

for all g G G2- Note that 

[Li]{si) = [L]{s,) and [Ai]{s,) = [A]{s^), i = 1,2, ...,ko. (e5.182) 

We compute that 

f^roQMiOr) > A(r) - N2A{rj) > 255A(r)/256 
for all T G r(74) and r > r]Q/4:. It follows that 

A*roLi(Or) > 255A(r)/256 (e5.183) 

for all T G T(^) and r > ?7o/4. Similarly, 

/XroAi (Or) > 255A(r)/256 (e 5.184) 



for all T G T{A) and r > t/o/4. 

= ?^ U L(g) U Li(g) U Ai(g) U Ad VFi o A(g) U {Pi,gi,g2, -.gTvJ- 



Let 9 < f]^]^^- Let eoo > and let 7^ C j4 be a finite subset. Define 
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Let < 60 < min{e2/2, (5/4, eoo} and put 

N2 

L'if) = e ^ f{yi)qi and (e 5.185) 

i=l 

^'{f) = Mf)®Ylf(y^^'li (e 5.186) 

i=l 

for all / G C{X). Since A has tracial rank at most one, by 14.81 there exists a projection Q3 G A 

and B = e^i-Bj with 1b = Q3, where Bj = M^^j){C{Xj)) and Xj = [0, 1], or Xj is a point, 
such that 

WQ^a - aQall < 5o, Q^aQ^ -B for all a € ^1, (e 5.187) 

\\L'{f) - [(1 - Q3)^'(/)(l - Qs) e L3(/)]|| < €2/2X2, (e5.188) 

l|A'(/)-[(l-Q3)A(/)(l-Q3)eA3(/)]|| <e2/2iV2 for all / G (e 5.189) 

t(1 - Qs) < 61 for ah r G r(A), (e 5.190) 

|T,-,([L3](s,))| < (1 + l/128)((i/8), |T,-,,([A3](sO| < (1 + l/128)(d/8) (e 5.191) 

m,^oUOr) > 3A(r/3)/4, MT^.^oAsia) > 3A(r/3)/4 (e 5.192) 

for all r > r]o, and for all j and x G Xj, where Tj^x is the normalized trace of Af^Q) at x G Xj, 
and 

Moreover, 

[L3]|pi = [A3]|Pi in i^L(C(X),i?). (e5.194) 

Therefore 

IIQ3^'(/)Q3 - ^3(/)|| < e2/2iV2 and ||Q3A'(/)Q3 - A3(/)|| < €2/2X2 (e 5.195) 

for all f G G- By 14.8^ we further obtain mutually orthogonal projections 61,62, ■■■,€^2 £ B such 
that 

N2 

\\Ls{f)-[EL3{f)E®Y.f{y,)eM<e2/2 (e5.196) 

i=l 
N2 

\\A:,if)-[EA3{f)E®Y.f{y,)eM<e2/2 (e5.197) 

i=l 

for all / G ^, where E = 1b — X^i^i ^i- Moreover we require that 

A(7?)/2 > rj,,(6,) > (1 - l/250)A(r;), A(r?)/2 > ria) > (1 - l/250)A(r?) (e 5.198) 

for all X G Xj, where Tj^^ is the normalized trace evaluated at x, and for all r G T{A), j = 

l,2,...,iV2. ' 

Define L4 = EL3E and A4 = EA3E. We compute, by (|e5.192p and (|e5.198p 

f^T,,^oLAOr) > 3A(r/3)/4 - iV2A(7?) > A(r/3)/2 and (e5.199) 

/^T„.oA4(a) > A(r/3)/2. (e 5.200) 
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for all r > r]Q and for all x G Xj and j = 1, 2, N. 
We compute that 

[L^Ksj] = [A^jisj] = [L]{sj) = [A](s,), j = 1,2,..., ko. (e5.201) 

Put C'j = E{Mr(^j){C{Xj))E = M^//(j)(C(Xj)), where r"(j) < r(j), put L4J = ttj o L4 and 
A4J = TTj o A4, where ttj : EBE — )• EBjE is the projection, j = 1, 2, ...,N. 
Let 

= max{|Tj,a;([L4](sfc))| : k = 1,2, ...,ko}, 

j = 1, 2, iV. Note that < d/A, j = 1, 2, N. 

It follows from l4.6] that there exist unital e2-^2-multiplicative contractive completely positive 
linear maps Lqj,L()j : C{X) — )■ Mj.{C{Xj)) whose ranges are contained in finite dimensional 
C*-subalgebras, where 

Jj = djNir{j) < dNir{j) (e 5.202) 

such that 

[-^^4,j © ^o,i]|Pi = [^^o,i]|Pi and [Lqj © ZojJIt'i = [/ioj]bi (e5.203) 

for some unital homomorphisms i^oj : C{X) — )• Mr"(j)+j^. (C(Xj)) and /iqj : C{X) — > M2j^{C{Xj)) 
with finite dimensional range. 

By applying 14.31 we obtain a unital homomorphism hij : C{X) — )• M2jjKi{C{Xj)) with 
finite dimensional range and a unital homomorphism Hij : C{X) — )• M2j (^Ki+i){C{Xj)) with 
finite dimensional range such that 

\\{Lo,j © Lo,j © - < min{e/16, eo/16} for ah g £ J^. (e5.204) 

It follows from l47fl that there are mutually orthogonal rank 2Jj{Ki + 1) projections q'^ j £ 
MN22Ji(Ki+i){Ci^j)) and a unital homomorphism h2,j : C{X) M(^2_i)(2j^(i^i+i)(Cj) with 
finite dimensional range such that 

N2 

\\Hij{f) © h2j{f) - ^ f{yi)q'tj < £2 for all f € T, (e5.205) 

i = i,2,...,iv. 

There is, for each i and j, by (je 5.198P and ()e 5.173p . a projection < such that 

eo/128Ar2 > > eo/256iV2 > 16(ii?iViiV2(i^i + 1) (e 5.206) 

for X £ Xj, j = 1,2,..., TV and i = 1,2, ...,iV2. 

Put Lo = Y^f^i Loj, Lq = YljLi -^o,i, hi = J2jLi hij, i = l,2. There is a projection Qij < p'^j 
in Bj such that [qij] = [q'^J in Ko{Bj), j = 1, 2, N. Put p'{ = J2f=i Qi,j, ^ = 1, 2, ...N2. Then 

Tj^^{p-) < 2Jj{Ki + l)/r(j) for ah x G Xj. (e5.207) 

Thus we obtain a unitary Wq G -B such that 

II Ad Wo o (Lo © Lo © /ii © h2){f) - ^ /(yi)p-'ll < £2 + e/16 (e 5.208) 

for aU / G J". 
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Now define 

m N2 

i^i(/) = ^4(/)eAdVFoo^oe/ii(/)e/i2(/)e J]/(yfc)(e,-pOe ^ fiyj)iei-p1) 

k=l j=m+l 

for all / e C{X), V = AdT^o o Let Pi = (1 - Q3), P 2 = TVofr (lc( x))^o, ^3 = P'i(lc(x))- 
= p^- — Pj, j = 1, 2, ...,N2. Then we estimate that, by (|e 5.196P and (|e5.208p . 

I|i3(/) - (^1 e e ^ /(x.MOII (e 5.209) 

< ||L3(/)-(L4(/)© j2/(y^>^)ll+ («5.210) 

I|i4(/) © f(yj^^j - © AdWoiLo © Lo © /ii © /i2)(/) © fiyj)Pj)\\ (e 5.211) 

< e2/2 + e2 + e/16 = 3e2/2 + e/16 (e 5.212) 
for ah / G ^. It follows from (|e5.l80p . (|e5.l85p . (le 5.1881) and (|e5.212p that 

m 

||L(/)- [PiL(/)Pi©V'(/)©^/(x,-)Pj©i^i(/)|| (e 5.213) 

< \\Lif) - L'{f)\\ + ||L'(/) - (1 - g3)P'(/)(l - Q3) © P3(/)|| (e5.214) 
+ 11(1 - Q3)L'{f){l - Q3) © Lsif) - PiL{f)Pi © L3(/)|| (e 5.215) 

m 

+ \\P,L{f)P, © L3(/) - [PiL(/)Pi © H,{f) © ^(/) © f{x,)pj]\\ (e 5.216) 

< £2/2 + £2/2 + 3e2/2 + e/16 < e (e 5.217) 
for all f £ J-. Define 

i^2(/) = A4©AdVFooi^o©^i(/)©^2(/)©52/(yfc)(^*-^'^)® E f(.yj)iej-Pj)- 

k=l j=m+l 

Similarly, we also have 

m 

||AdP^ioA(/)- [Pi(AdTyioA(/))Pi©V;(/)© J^/(x,)Pi©^2(/)]|| <e (e5.218) 

i=i 

for all f G T. 

Note also that, (by (|e5.173p and (|e5.2U7p ) 

J^>TM = Tap--p';)>'j^-2J,{K, + l)/r{j) (e5.219) 

> UKdNiN2{Ki + l) (e5.220) 
for all T G T(^) and i = 1, 2, A^2- Therefore, by (le5.19Up . 

Tip^) > (1 - e)14ci-R:iVi7V2(i^i + 1) for all r E r(^). (e 5.221) 
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Note that, by (le5.2U2l) . 

Tj,xiP2) < djNi and r(Pi) = t(1 - Q^) < 9 (e 5.222) 

for all X e Xj, j = 1, 2, iV and for all r G r(A). It follows that 

T{pi) > Kt{P2) + Kt{Pi) for ah r G T(^), i = 1, 2, m. (e 5.223) 

This gives (|e5.166p . To obtain (Ie5.155p . we note, by (Ie5.206p and (|e5.173p that 

m 

t(Fi)+t(P2) + J^Tfe) < O + dJV. + ^^m {e5.224) 

4iViAf2i^ 256K 128 ' 

for all r G r(j4). We also have that 

m 

TjAP2) + TjAPi) < eo/2 for all x e Xj. (e 5.226) 

i=l 

Thus 

m 

i=l 

for all t G T{B). This implies (Ie5.165p . We write C = P3BP3 = BjiiCj, where Cj = 
M^/(j)(C(Xj)), j = 1,2, ...,iV. Finally, from (|e5.199p and (le5.2U0l) . 

Mt,,.o/f,(Or)> A(r/3)/2 (e 5.227) 

for all r > rjQ and x G Xj, where tj^^ is the normalized trace of Mri(^j') evaluated at x G Xj, 
j = 1, 2, and z = 1, 2. The lemma follows. 

□ 

Lemma 5.2. Let C be a separable unital C* -algebra with T{C) 7^ 0, letU C Uc{Ki{C)) be a 
finite subset, F <Z C be a finite subset and let A > 0. There exists (5 > and a finite subset 
Q G C satisfying the following: Suppose that Li, L2 : C ^ A (for some unital C* -algebra A) are 
two 6 -G -multiplicative contractive completely positive linear maps such that 



dist((Li(n)), (L2(m))) < r (e 5.228) 

for all u £ U and for some F > 0. There exists a finite subset Ti C A and a > such that, if 
p £ A is a projection such that 

\\pa — ap\\ < a, pap Go- B for all a £ V., 

where 1b = p and B C pAp is a unital C* -subalgebra, and Ai,A2 : C ^ B are two 25-Q- 
multiplicative contractive completely positive linear maps such that 

\\pLiig)p - Ai{g)\\ < a for all g £Q, 

then 

dist((Ai(u)),(A2(«))) <T + \ {in B) 

for all u £U. 
Moreover, 

|roAi(/)-ToA2(/)| < A + max{|toLi(/)-roL2(/)| t£T{A)} (e 5.229) 

for all f £T and r G T{B). 
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Proof. Let U and be fixed. Then there is an integer A; > 1 such that every element in U is 
represented by a unitary in Mk{C). To simplify notation, replacing A by Mk{A), replacing B by 
Mk{B), and later replacing Li by Li idjv/fc, ^ = 1, 2, without loss of generality, we may assume 
that U is actually in U {A) . We choose 6 and Q such that for any 2(^-^-multiplicative contractive 
completely positive linear maps L from C, {L(u)) is well defined for all u £U. 

Now let Li and L2 be as described (for the above choice of 6 and Q). Suppose that U = 
{ui, U2, Urn,}- Then there are ■wi,W2, ---jWrn £ CU{A) such that 

\\{Li{ui)){L2{u*)) - w^\\ <r + X/2. 

It is clear that, if T-L is sufficiently large (containing at least Li{u) and L2{u) for all u £ U and 
many other elements in U{A)) and a is sufficiently small, {pLip{uj)) are well defined and 

\\{pLip{uj)) - {Ai{uj))\\ < X/W 

(j = l,2,...,m and i = 1,2) and there are unitaries vi,V2, ■■■,Vm € CU{B) such that 

llptfiP — Vill < A/16, i = l,2,...,m. 

It follows that 

dist((Ai(u)), (A2(u))) < r + A (e 5.230) 

for all u gU. 

Similarly, for each f £ J^, there are xi(/),X2(/), ...,Xf(^rn)if) ^ ^ such that 

Xi(/)*Xi(/)|| < A/8 and (e 5.231) 

■t=i 

J^Xi(/)xi(/)*|| <M + A/8 (e 5.232) 

i=l 

where M = max{|r o Li(/) - r o L2(/)| : / G J", r G r(A)} (see [Ij). We compute that, with 
sufficiently large Ti and small a, there are yi(/), 2/2(7); •••) y/(m)(/) ^ such that 

/M 

l|Ai(/)- 5]y.(/)*2/.(/)|| < A/4 and 

i=l 

l|Ai(/)- J]y^(/)*y.(/)|| <M + A/4 
for all f G J-'. This implies that 

|roAi(/)-roA2(/)| <M + A 

for all / G J" and for all r G T(B). 

□ 

Theorem 5.3. Let X be a compact metric space and let A : (0, 1) — t- (0, 1) be a nan- decreasing 
function with linit^o ^(t) = 0. Let e > and J- C C(X) be a finite subset. Then there exists r] > 
0, S > 0, a finite subset Q C C(X), a finite subset % C C{X)s.a., « finite subset V C K{C{X\), 
a finite subset U C C/c(-f^i(C'(A^)))) 7i > and '^2 > satisfying the following: Suppose that 



Liif) - 
L2{f) - 



(e 5.233) 
(e 5.234) 
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Li,L2 : C{X) — )• A are two unital 5 -G -multiplicative contractive completely positive linear maps 
for some unital simple C* -algebra A of tracial rank at most one such that 



T o Li{h) — TO L2{h)\ < 7i for all h & Ti 



(e 5.235) 
(e 5.236) 
(e 5.237) 
(e 5.238) 



dist((Li(n)), (L2(u))) < 72 for all ueU 
l^TouiOr) > A(r) 



for all T £ T{A) and for all r > rj. Then there exists a unitary W €z A such that 



AdW o Liif) - L2{f)\\ < eforallfeF. 



(e 5.239) 



Proof. Fix e > and a finite subset F C C{X). Let rji > be as in 13.61 for e/2 (in place of 
e) and F. Let cji = A(r/i/3)/3. Let 172 > be as in 13.61 for e/2 (in place of e), J^, r/i and cji. 
Let (T2 = A(7y2/3)/3. Let 7^3 > be as in 13.61 for e/2 (in place of e), .F, r/i, cji, r/2 and a2- Let 
o"3 = A(r/3/3)/3. Let 774 > be as in 13.61 for e/2 (in place of e), r]i, ai, r/2, 172, Vs ^-i^d CJ3. Let 

(74 = A(774/3)/3. 

Let > ( in place of 71), 72 > (in place of 72), 61 (in place of 6), Qi C C{X) (in place 
of Q) be a finite subset, Vi C ^(C(X)) (in place of V) be a finite subset, % C C(X)s.a. be a 
finite subset and Ui C C/c(-f^i(C'(-^))) (in place of U) be a finite subset as required by 13.61 for 
e/2, F, rji and cti {i = 1,2,3,4). Let > 1 be an integer such that every unitary in Ui is in 



Let Ai = A/2. Let ^2 > (in place of 5) and Q2 C C{X) (in place of Q) be required by 13.41 
for Ai (in place of A), Ui (in place of W), 774/2 (in place 77), 15/16 (in place of Ai) and 1/32 (in 
place of A2). 

Let (^3 > (in place of 5), C C{X) (in place of Q) be a finite subset, V2 C KjCiX)) 
(in place of V) be a finite subset {xi,X2, ...,Xm} d X,U2 C Uc{Ki{C{X)) (in place of W) and 
-fT > 1 (in place of L) be an integer required by 14.41 for e/2 (in place of e), F and 72 (in place of 
A). 

Let ^4 > (in place of (5), ^4 C C{X) (in place of Q) be a finite subset required by Lemma 
15.21 for 72/8 (in place of A), Ui UU2 (in place oiU) and Ti (in place of F). 

Let 65 = min{e/4, 6i : 1 < i < 4} = F U uf^^Gi, U = UiU U2, 71 = tI/S and 72 = 72/8- 
Put eo = min{7j/8iV,72/8iV} and 770 = min{ 77^/4 : 1 < i < 4}. 

Let T] > 0, 5q > (in place of 6), Gq C C{X) (in place of G) be a finite subset required by 
15.11 for 5^ (in place of e), eo, {xi,X2, ■■■,Xm}, G5 (in place of F), A, K and t/q. 

Define 6 = min{(56, (Js}, G = Ge^ G5 and P = T^i U V2- 

Now suppose that Li,L2 : C(X) — )• j4 are two unital J-^-multiplicatiye contractive com- 
pletely positive linear maps, where ^4 is a unital simple C*-algebra of tracial rank at most one, 
which satisfy the assumption for the above defined A, 77, H^U, 71 and 72. 

Let T-ii <Z A {in place of ^) be a finite subset and cr > for Li, L2, A2/8 (in place of F) 
and min{A']^/8, A2/8} (in place of A) (for C = C{X)) be required by 15.21 Let eoo = 

Let 5j = min{o"/2, 5}. 

By applying 15. 11 for Hi (in place of H), there exist mutually orthogonal projections 



Mn{U{C{X))). 



Pl,P2,P3,Pl,P2, ■■■,Pm G A 



with 



P2,P3,Pl,P2, .■.,Pm €B,Pi+P2 + P3 + YZlPi = 



TiPi) > 1 - eo and Ki[Pi] + [P2]) < \pi], i 



= 1,2, ...,77^, 



(e 5.240) 
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a unital (55-^5-multiplicative contractive completely positive linear map Tp : C{X) — )■ P2BP2 
whose range is contained in a finite dimensional C*-subalgebra, unital (55-^5-multiplicative con- 
tractive completely positive linear maps -ffi, : C{X) — > P3-BP3 C P^AP^, where 1b = I — Pi, 
B = ®jLiBj, Bj = C{Xj,Mr(j)) {Xj = [0, 1], or Xj is a point) with 

[Hi]\-p = [H2]\v = [ho]\r (e 5.241) 

for some unital homomorphism ho : C{X) — )■ B and a unitary Wq G A such that 



\\Li{g) - [PiLi{g)Pi 4^{g) ®Y,g{xi)pi Hi{g)]\\ < Sr and (e5.242) 

i=l 

m 

\\AdWo o L2{g) - [Pi (Ad Wo o L2{g))Pi ^{g) ®J2g{xi)pi H2{g)]\\ < 67 (e 5.243) 

1=1 

for all g E Gb, 

lJitoH,{Or)>A{r/S)/2 (e 5.244) 

for all r>r]o and for all t G T(C), where C = P3BP3, 

m 

T{P2®Y,Pi) (e 5.245) 



for all T e T{B), and, 

||Pia - aPill < eoo and (e 5.246) 

(1 - Pi)a(l - Pi) Geoo B for all a G ?^i U ^1(^5 U ^2(^5)- (e 5.247) 

Moreover 

[PiLiPi]|p = [PiAdW^o oL2Pi]|p. (e 5.248) 
Put *i = PiLiPi tp and *2 = -Pi Ad Wq o L2P1 ip. By the choice of Hi, 



dist((PiLiPi(n)), (PiAdW^o o L2Pi{u))) < 72/4 + 72/2 = A2 

for all u &U. Let D be a finite dimensional C*-subalgebra of P2PP2 such that ip{C{X)) C D. 
Then 

{tpiu)) e CU{P2BP2) for ah ueU. (e 5.249) 

It follows that 



dist((^i(n)), {^2{u))) < A2 (e5.250) 
for all u eU. By the choices of K and {xi,a;2, ...,Xm}, there exists a unitary 

m m 

Wi G (Pi + P2 + ^Pi)A{Pi +P2 + Y,Pi) 
1=1 i=l 

such that 

m m 

llW^r (*2(/) ® f^^i)PiW^ - ® E < fo"^ ah / G J^. (e 5.251) 

i=i 1=1 
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Define : C{X) ^ B by 

m 

^'i(/) = V'(/)e j;/(x.)p,ei?i(/) 

1=1 

for all / G C{X) and define ^2 ■ C{X) ^ B hy 

m 

f2(/) = V'(/)e5^/(x.)p.ei72(/) 

for all / G C{X). 

By the choice of 54, and and applying 15.21 we obtain that 

dist(($i(n)),($2(u))) < A2/8 (in B) (e 5.252) 

for all n G ^ and 

|T o $1(5) -To $2(5)1 < A'i/4 (e 5.253) 

for all gen and for all T E r(5). 

Combining with (je 5.245p . we obtain that 

\t o Hiif) - t o H2{f)\ < A;/4 + 2eo < (e 5.254) 

for all / G and for all t £ T{C). Using the de la Harp-Skandalis determinant, combining 
(|e 5.2491) . (Ie5.252p and (Ie5.245p . we compute that 

disi{{Hi{u)),{H2{u))) < X'2/A + 2Neo < A^. (e 5.255) 

for all u eU. Then, by (le 5.24ip and by applying 13.61 there exists a unitary W2 S C such that 

||AdVF2oi/2(/)-i^i(/)|| <e/2 (e 5.256) 

for all / G -F. Define W = Wq{Wi W2). Then, by (|e5.243|) . (|e 5.2511) and (|e5.256|) . we finally 
obtain that 

||AdTyoL2(/)-Li(/)|| <e 

for all / G -F. 

□ 

Definition 5.4. Let X be a compact metric space and P G Mr{C{X)) be a projection, where 
r > 1 is an integer. Put C = PMj.{C{X))P. Suppose r G T{C). It is known that there exists a 
probability measure on X such that 

r{f) = I t^{f{x))diir{x) for ah / G C 

where is the normalized trace on P{x)MrP{x) for all x G X (see 2.17 of |13]). 

Suppose that y is a finite CW complex, r > 1 is an integer and P G Mr{C{Y)) is a projection. 
Let X C y be a compact subset. Let vr : Mr{C{Y)) — )• Mr{C{X)) be the quotient map defined 
by vr(/) = f\x for all / G M,(C(y)). 

Corollary 5.5. Suppose that Y is a finite CW complex, r > 1 is an integer and P G Mr{C{Y)) 
is a non-zero projection. Define C = ■k{PM,i~{C{Y))P) as defined above. Then Theorem \ 5.'J\ 
holds when C{X) is replaced by C and using the measure defined in \5.4\ 
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Proof. Clearly the corollary holds if C = Mr{C(X)). 

To prove the general case, we may assume that Y is connected. Then there is an integer d > 1 
and a projection Q G Md{PMr{C{Y))P) such that QMr{PMr{C{Y))P)Q ^ Mk{C{Y)) for some 
integer k > I. Put Ci = QMr(Pi\4(C(y))P)Q. Then there exists a projection Qi G Mfcj(Ci) 
and a unitary W G M^fc^ (PMr(C(y))P) such that W*QiW = P. Keep the notation vr as in 
I5.4i Note that, for any unital contractive completely positive linear map Lj : C — t- A, we 
obtain a unital contractive completely positive linear map Lj (8) idM^j : Mr{C) — )• Mr{A). Put 
-0^,1 = (^1 ® idMj|,r{Ci) and ^^1,2 = (^2 ® idMfcJ|vr(Qi)A4JCi)7r(Qi)- We see that the corollary 
follows by first considering ipi^i (i = 1, 2) and then ^j^2 (i = 1; 2). □ 

Definition 5.6. Let j4 be a unital C*-algebra and let C be another C*-algebra. Let L : 
C — 7- ^ be a positive linear map. Let O : C+ \ {0} — N x be a map. We write 0(c) = 
(A^(e(c)),i?(e(c))) for c G C+ \ {0}, where A^(e(c)) G N and i?(e(c)) G R+. Suppose that 
S C C+ is a subset. We say the map L is 5-0-full, if, for each s G 5, there are xi,X2, 2;jv(e(s)) 
such that llxj ll < i?(G(s)), j = 1, 2, iV(e(s)) and 

Ar(e{^)) 

1^ = ^ x*L{s)xj. (e 5.257) 

The following is known and easy to prove. Only part (1) is actually used in this paper. 
Both hold for more general unital simple C*-algebras. For example, the class of unital separable 
simple C*-algebras which satisfy the strict comparison property for positive elements. 

Lemma 5.7. Let X be a compact subset of a finite CW complex Y, let P G AIr{C{Y)) be 
a projection, where r > 1 is an integer, and let tt : Mr{C{Y)) — )■ Mr{C{X)) be defined by 
vr(/) = fix, Put C = 7r{PMr{C{Y))P). 

(1) Suppose that : C+ \ {0} — t- N x M_|_ \ {0} is a map. Then there exists a non- decreasing 
map A : (0, 1) — )• (0, 1) satisfying the following: For any rj > 0, there exists a finite subset 
S C C-(- \ {0} such that, if A is a unital separable simple C* -algebra with TR{A) < 1 and if 
L : C ^ A is a unital S-Q-full positive linear map, then 

IJ'ToLiOr) > A(r) for all r G T{A) 

for all open balls Or with radius r > r]. 

(2) Suppose that A : (0, 1) — )• (0, 1) is a nondecreasing map. Then there exists a map 
@ : C+ \ {0} — )• N X \ {0} satisfying the following: For any finite subset S C C+ \ {0}, 
there exists rj > such that, if A is a unital separable simple C* -algebra with TR{A) < 1 and 
L : C ^ A is a unital positive linear map for which 

fJ'ToLiOr) > A(r) for all r G T{A) 

for all open balls Or with radius r > rj, then L is S-Q-full. 

Theorem 5.8. Let C be a unital AH-algebra and let Q : C+ \ {0} — J- N x be a map. Let 
e > 0, C C be a finite subset. There exists a finite subset S C A+ \ {0}, 5 > 0, o"i > 0, (72 > 0, 
a finite subset Q <Z C, a finite subset V C K_{C), a finite subset % C As,a. and a finite subset 
U C Uc{Ki{C)) satisfying the following: Suppose that A is a unital separable simple C* -algebra 
with TR[A) < 1 and suppose that ip,ip : C ^ A are two unital 5 -Q -multiplicative contractive 
completely positive linear maps such that ip and ip are S-Q-full, 

Mv = mv, (e 5.258) 

|t o ip[g) —TO il^{g)\ < (71 for all g £ H, (e 5.259) 

dist(((/j(u)),(V'(n))) < a2forallueU. (e 5.260) 
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Then there exists a unitary w G A such that 



\\Adw o ip{f) - ^{f)\\ < e for all f £ T. (e 5.261) 

Proof. Let C = lim„_>.oo(C'n, (/3n), where C„, = P„Mj,(„)(C(y„))P„, X„ is a finite CW complex, 
r(n) > 1 is an integer, P„ G M^(„)(C(yn,)) is a projection and (^^ : C„ — )• C„+i is a unital 
homomorphism. Let ipn,oo ■ Cn — >• C be the unital homomorphism induced by the inductive 
limit system. Then, for each n, ipn,oo{Cn) - 7rn(^'n)Mr(n) (C(X„))7r„(P„), where X„ C Yn is 
a compact subset and 7r„ : M^(„)(C(y„)) — )• M^(„)(C(X„)) is defined by iTnif) = f\x„- Let 
Bn = T^n{ Pn)M^{n ){C{Xn))^n{Pn), n = 1,2,.... Note that Bn C 5„+i, n = 1,2,.... We may 
write C = Uj^j^S^. Let e > and C C be a finite subset. Without loss of generality, we may 
assume that J- C Bn for some integer n > 1. Prom this it is clear that we can reduce the general 
case to the case that C = B^. Then the result follows from 15.51 and ISTfl □ 

Corollary 5.9. Let C he a unital AH-algebra and let Q : C+ \ {0} : N x M.^ be a map. For any 

e > and any finite subset T <Z C, there exists o"i > 0, cj2 > 0, a finite subset S C ^+ \ {0}, a 
finite subset V C K_{C), a finite subset % C As,a. and a finite subset lA C [/c(i^'i(C)) satisfying 
the following: 

Suppose that A is a unital separable simple C* -algebra with TR(A) < 1 and suppose that 
if, ip : C ^ A are two unital monomorphisms which are S-Q-full such that 

Mv = mv (e 5.262) 

\t o ip{g) — T o 'ip{g)\ < a\ for all g £ H and for allT£T{A), (e 5.263) 
dist(</J*(n),V^(u)) < a2forallueU. (e5.264) 

Then there exists a unitary w £ A such that 

II Ad u- o ip{f) - ^(/) II < e for all f e T. (e 5.265) 

Theorem 5.10. Let C be a unital AH-algebra and let A be a unital separable simple C* -algebra 
with TR{A) < 1. Suppose that Lp,ip : C ^ A are two unital monomorphisms. Then ip and ip are 
approximately unitarily equivalent if and only if 

[if] = [V^] in KL{C,A) (e 5.266) 

(^{j = Vtt ^^'^ 5.267) 
y?^ = tp'<. (e 5.268) 

Note that [ip] = [ip], tp^ = tp^ and ip^ = ip^ imply that ip^ = Thus Theorem 15.101 follows 
from 15.91 immediately. 



6 The range 

Definition 6.1. Let X be a compact metric space and let C = PAIn{C{X))P, where P G 
Mn{C{X)) is a projection and P{x) > for all x G X, and let ^ be a unital separable simple 
C*-algebra with T(A) ^ 0. Let 7 : T(A) — )• Tf (C) be a continuous affine map. For any r G T{A) 
and any non-empty open set O C X, define 

/^7(r)(0) = sup{7(r)(/) : < / < 1 and supp/ C O}. 

Since 'y{T(A)) is compact, we conclude that 

^Sf.^^7(T)(0) > 
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for every non-empty open subset O <Z X. 

Fix a G (0, 1). There are finitely many points xi,X2, ■■■,Xm £ X such that U5^=iO(xj, a/2) D 
X. Let Oa be an open ball of X with center at a point x and with radius a. Then Oa 3 0{xi,a/2) 
for some i. Define 



Ai(a)= min inf /i^(,)(0(x„a/2)) (e6.269) 

{l<«<m} rgT(yl) ^ ' 

for all a S (0, 1). It follows that 

l^riOa) > Ai(a) for all a > 0. (e 6.270) 

Note that, if X is infinite, lima_!>o Ai(a) = 0. 

Lemma 6.2. Let C he as in \6.1\ and A he a unital separahle simple C* -algehra with T{A) ^ 0. 
Suppose that 7 : T{A) — >• Tf (C) is a continuous affine map. For any 77 > 0, < Ai, A2 < 1, there 
exists a finite suhset H C Cg.a. ('■nd e > satisfying the following: for any unital positive linear 
map L : C ^ A such that 

\t o L{g) - 7(t)(5)| < e for all gGTi, (e 6.271) 

then 



l^ToUOr) > AiAi(a/2)/2(l + A2) for all a>r]. (e6.272) 
The proof of this is almost identical to that of 13.41 We omit it. 

Lemma 6.3. Let X be a finite CW complex and let A be an infinite dimensional unital simple 
C* -algehra with TR{A) < 1. Let C = PMr{C{X))P (r > 1), where P G Mr{C{X)) is a 
projection. Suppose that e £ A is a non-zero projection. Then, there exists a non-zero projection 
cq < e and a unital monomorphism h : C ^ cqAcq. 

Proof. Without loss of generality, we may assume that X is connected. There are mutually 
orthogonal and mutually equivalent non-zero projections ei, 62, e,. < eAe. Put e' = X]i=i ^i- 
It is well known that there exists a unital monomorphism /iq : C{X) — )• eiAei (see 9.5 of [15j). 
This extends a monomorphism hi : Mr{C{X)) — )• e'Ae' = Mr{eiAei). Let eo = hi{P). Define 
h : C ^ eoAeo hy h = hi\c- □ 

Definition 6.4. Let C and A be two unital C*-algebras. Denote by KKe{C, A)~^'^ the set of 
those elements k G KK{C, A) such that 

k{[1c]) = [1a] and k{Ko{C)+ \ {0}) C Ko{A)+ \ {0}. 

Denote by KLe{C, A)'^^ the set of those elements k £ KL{C,A) such that /t([lc]) = [1^] and 
k{Ko{C)\{0})cKo{AU\{0}. 

Now suppose that 7f(C) 7^ and A is a unital simple C*-algebra with T(A) 7^ 0. Let 
7 : T(A) — )• Tf (C) be a continuous affine map. We say k and 7 are compatible, if, r o k([p]) = 
7(t)([p]) for every projection p G Moo(C). Let a : U{Moo{C))/CU{Moc{C)) U {A)/CU{A) be 
a continuous homomorphism. By ()e 2.5p . there is a homomorphism ao : AS{C) / pc{Kq{C)) — t- 
AE{A) / pa{Kq{A)) induced by a and there is homomorphism ai : Ki{C) — )• Ki{A) induced by 
a. We say a and k compatible if k\xi{c) = cti, we say k, 7 and a are compatible if k and 7 are 
compatible, k and a compatible and the homomorphism induced by 7 is equal to oq. 
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Lemma 6.5. Let X be a finite CW complex, let n > 1 he an integer, let C = PMn{C{X))P, 
where P G Mn{C{X)) is a projection, and let A be a unital infinite dimensional separable simple 
C* -algebra of tracial rank at most one. Suppose that k S KKe{C, A)^^ and 7 : T{A) — )• Tf(C) 
is a continuous affine map so that k and 7 are compatible. Let a > and % C Cg.a. be a finite 
subset. Then there is a unital monomorphsm h : C ^ A such that 



[h] = K and (e 6.273) 

|r o /i(c) -7(t)(c) I < fj (e 6.274) 



for all c €z H and all r G T{A). 



Proof. To simplify the proof, without loss of generality, we may assume that X is connected. 
There is a unital separable amenable simple C*-algebra B with TR{B) = which satisfies the 
UCT such that 

{K^{B),K^{B)+,[Ib],Ki{B)) = {K^{A),K^{A)+,[lAiKM))- 

Let \i] G KK(^{B,A)~^^ be an invertible element which gives the above identity. Therefore there 
is kq £ KKe{C,B)++ such that 

K = Kq X [z]. 

Without loss of generality, we may assume that Ti is in the unit ball of C. 

Let p £ B with r(p) < a/8 for all r G T{B). It follows from 6.2 of [20 1 that there is a nonzero 
projection pQ < p, a finite dimensional C*-subalgebra Bq C (1 —po)B{l —po) with 1^^ = 1 —po, 
a unital homomorphism /ii : C — )• poBpo and a unital homomorphism /i2 : C — )• i?o such that 

[hi + /l2] = Kq. 

Let eo G ^ be a projection such that [eo] = H([po])- Put D = {1 — eo)A{l — cq). Then D is a 
unital simple C*-algebra with TR{D) < 1. For each t G T{D), there is a unique i G T{A) such 
that t{d) = for all deD. Define 71 : T{D) Ti{C) by 

7i(i) =7(i)- 

for all t G T{D). It follows from Lemma 9.5 of [15j that there exists a unital monomorphism 
h^ : C ^ D such that 

[/13] = [/12] in KK{C,A). (e 6.275) 

|t(/i3(c))-7i(t)(c)| <c7/8 (e 6.276) 

for all c G 7^ and for t G T{D). It follows from Theorem 5.4 of [20] that there is a unital 
monomorphism j : PoBpQ — )• CqAcq such that [j] = [i]. 

Now define h : C ^ Ahy h{c) = j o hi{c) © /13(c) for all c G C. One computes that 

[h] = [k] and |t(/i(c)) -7(r)(c)| < a 

for aU c G -H and for ah r G T(A). 

□ 
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Lemma 6.6. Let C he as in \6.5\ and let A be a unital infinite dimensional separable simple 
C* -algebra with TR{A) < 1. Suppose that k £ KKe{C, A)~^^ , 7 : T{A) — )• Tf(C) is a contin- 
uous affine map and a : U {M^{C)) / CU {M^{C)) — )• U{A)/CU{A) such that k, 7 and a are 
compatible. Then, for any cji > 0, 1 > CJ2 > 0, any finite subset % C Cg.a. ind any finite subset 
lA C U{M]\f{C)) (for some integer N > 1), there exists a unital monomorphism h : C ^ A such 
that 

[h] = K, \Toh{c) -7(t)(c)| < ai for all t G T{A) (e 6.277) 

and dist(/i*(n),a(u)) < 0-2 for all uGU. (e 6.278) 

Proof. To simplify the notation, without loss of generality, we may assume that X is connected. 
Furthermore, a standard argument shows that, we can further reduce the general case to the 
case that C = C{X). 

We write Ki{C) = Gi Tor{Ki{C)), where Tor{Ki{C)) is the torsion subgroup of Ki{C) 
and Gi is the free part. Fix a point ^0 £ ^) define 

Co = {/ G C : /(Co) = 0}. 

Then Co C C is an ideal of C and C/Cq = C. We write 

Ko{C) = Z[lc](BKo{Co). 

Let Ai be a unital separable amenable simple C*-algebra with UCT and with TR{Ai) = 
TR{A) < 1 such that 

iKo{Ai),Ko{Ai)+,[lA,],T{Ai),pA,) = (Ko(^), i^o(^)+, [U], T(^), Pa) (e6.279) 
and Ki{Ai) = d ® Tor{Ki{A)). (e 6.280) 

To simplify notation, we may assume that U = Uq UUi, where Uq C Uq{Mn{C)) and Ui C 
Uc{Mn{C)) are finite subsets and > 1 is an integer. For each u G Uq, write u = Hrii^ exp(-v/— loj 
where ai{u) G Mn{C) is a selfadjoint elements. Write 



Write 



Put 



ai{u) = {a['''^\u))NxN, i= 1, 2, n(n). 



Ci,k,j{u) = and di^kjiu) = — ^ ■ 



M = max{||c||, \\ci^k,j{u)\\, \\di^k,j{U')\\ : cen,ue Uq}. 
Choose a non-zero projection e £ A such that 

''"(e) < ^ ^^o, , ^ — —s , , —-^ for ah r G T(A). 

^' 8N^{M +l)max{n{u) :u€Uo} 

Let eo G be a projection such that [eo] = [e] using (je 6.279P and let A2 = {1 — eo)Ai{l — cq). 
In what follows, we use the identification (je 6.279|) . Define 9i G Hom{Ki{C), Ki{A2)) as follows: 
On Ko{C), define 6'i(m[lc]) = m[l - eo] for aU m G Z, 6'i|;^j,(C(,) = k\j^^,^Co)^ Ki{C), define 



h\ToriKi{C)) — l^lToriKiiC))^ ^llGi 



idlci- (e 6.281) 
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By the Universal Coefficient Theorem, there exists an element 6i £ KL{C, A2) which gives 
the above homomorphisms. Let 62 £ KL(Ai,A) which gives the identification (le6.279p and 
G2\Tor{Ki{Ai)) = id|Tor(Xi(Ai)) and 6*2101 = ^Ici- Let /3 = K - 6*2 o 6*1. We compute that 

mc]) = [e], /3|/ro{Co) = 0, (e6.282) 
and P\k,{c) = 0. (e 6.283) 

Thus /3 G KKe{C, eAe)^^ . It follows from l6.5l that there is a unital monomorphism ipQ : C ^ eAe 
such that [930] = /3- 
Choose 

Til ='HU{ci^k,j{u),di^k,jiu) ■■ I < k,j < N,l < i < n{u),u GUq}. 
It follows from 16.51 that there exists a unital monomorphism 991 : C — >■ ^2 such that 

[ipi] = 9 1 and (e 6.284) 

|ro(^i(/)-7(r)(/)|<^ (e6.285) 

for all f eUi for ah r G T{A). Note that, for u G Uq, 



n{u) 

A(n) = ^aJ(n), (e6.286) 

i=l 

where a(r) = T(a) for all a G Ag a.- Since a and 7 are compatible, we then compute that 

dist{ipl{u),a{u)) < 0-2/8 (e 6.287) 



for all u G Uq. Denote by C/c(Gi) the image of d. Define x ■ Uc{Gi) AS{T{A)) / pa{Kq{A)) 
by 

X = a|c/c(Gi)) - 4lc/c{Gi) - V'ilr/cCGi)- (e6.288) 

Note that Uc{Gi) = Gi. We identify Uc{Gi) with the corresponding part in Uc{Ki{A2)). 
By defining x on Tor{Ki[A2)) to be zero, we obtain a homomorphism x • Uc{Ki{A2)) — t- 
Aff(r(j4))/pyi(i^o(^))- It follows from Theorem 8.6 of ^20j that there exists a unital homomor- 
phism /ii : ^2 — )• (1 — e)A{l — e) such that 

[hi] = 62, (/ii)j = idT(A) (e 6.289) 

and /ii|[/,(A2) = X + 6*2^1 (A2)> (e6.290) 

where we identify Ki{A2 ) with Uc{A2 ) = Uc{Gi)®To r{Ki{A)) an d ?7c(i^i(^)) with Ki(A). We 
also identify m{T{A2)) / pa{Kq{A2)) with Aff(r(A))//JA(-?^o(^))- Note that (by (!e6.289p . 

^ilAff(T(A))/p^(A-o(A)) = ldAff(T(A))/p^(i^o(A))- 

^(/) = 9=0 (/) e /ii o ^i(/) for all / G C. (e 6.291) 

[h] = K, (e 6.292) 

|ro/i(/) -7(t)(/)| < CTi for all / G 7^ and (e6.293) 
dist(/i*(n),a(n)) < cj2 for ah n G ZY. (e6.294) 

□ 



Now define 



It follows that 
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Lemma 6.7. Let X be a compact subset of a finite CW complex Y. Then there exists a sequence 
of finite CW complex Yn D Yn+i each of which is a compact subset of Y and there exists a 
contractive completely positive linear map (pn '■ C{X) — )■ C(l^) such that 

o = idc(X) 1 n = l,2, ... and (e 6.295) 

lim yn{f)^n{9) - Vn{f9)\\ = (e 6.296) 

n— >oo 

for all f,g € C{X), where 7r„ : C{Yn) — )• C{X) is the quotient map. 

Proof. Let (i„ \ be a decreasing sequence of positive numbers. There are finitely many open 
balls of Y with center in X and radius d„ covers X. Let Z„ be the union of closure of these 
balls. Then Z„ is a compact subset of Y which is homeomorphic to a finite CW complex. We 
may assume that Z„ D Z^+i. Then (by, for example, The Effros-Choi Theorem), there exists, 
for each n, a contractive completely positive linear map ipn ■ C{X) — t- C(Z„) such that 

■^n°ipn = idc{x) , (e 6.297) 

where iTnif) = f\x for / G C(Z„), n = 1,2, .... 

Let {J^m} C C{X) be a sequence of increasing finite subsets of the unit ball of C{X) so that 
its union is dense in the unit ball of C{X). Choose Yi = Zi and ipi = Let Qi = TiU {fg : 
f,g € -Fi}. Choose dn^ such that 

|Vi(/)(x) - Mf){^')\ < 1/4 for ah / G Gi, (e6.298) 

provided that dist(x,a;') < dn2 for all x,x' G Zi. By (je 6.297p . 

Mf9)ix) - Mf)ix)M9){x) = (e 6.299) 

for all X £ X. Now for any z E Xn2, there exists x £ X such that dist(x, z) < dm - Therefore, by 
(le 6.2991) and (le 6.2981) . 

\Mf9)i^)-Mf)iz)M9)i^)\ < \Mf9)iz)-Mf9){x)\ (e6.300) 
+\Mf9){x) - Mf)ix)M9){x)\ (e6.301) 
+\Mf)(.x)M9){x) - Mf)(.z)M9)(.z)\ < 3/4 (e6.302) 

for all f,g £ T\. Choose I2 = Zn^- Define h\ : C{Zi) — )• C(Z„2) defined by hi{f) = f\z„ for all 
/ G C{Zi). Define ip2 : C{X) C{Y2) by defining 



Thus, by (le 6.3001) . 



for all f,g £ Ti. Note that 



f2if) = hio iPi. 
\Mf9)-Mf)M9)\\ <3/4 (e6.303) 



vr„2 oip2 = idc(x) ■ (e 6.304) 

Let ^2 = ^1 U J-2 U {fg : f,g £ J-2}. Choose d^g such that 

|V92(/)(x) - Mf){x')\ < 1/42 for ah / £ 02, (e 6.305) 

provided that dist(2;,x') < dn^ for all x,x' £ Y2. By (|e 6.297p . for any x £ X, 

Mf9)ix) = Mf)ix)M9){x) (e 6.306) 
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Then, for any z £ Zn^, there exists x £ X such that dist(x,z) < dn^. Thus, by (je 6.306P and 
(|e6.305|) . 

\Mf9){z) - ip2if)izM9)iz)\ < 3/42 for all z G Z^,. (e6.307) 

Let h2 : C(y2) ^ C(Z„3) be defined by /i2(/) = /U„3 for all / G C(y2). Put = ^na- Define 
(^3 : C{X) ^ C(y„3) by v93(/) = /i2 o 932- Then 

TTns o 9^3 = idc(js:) • (e 6.308) 

By (le 6.307p . we have that 

\\V3{f9) - V3{f)V3{9)\\ < 3/42 (e6.309) 

for all /, g G In this fashion, we obtain a sequence of contractive completely positive linear 
maps ifk ■ C{X) — C(Yfc), where 1^ = Zn^, such that 

TTnfe °^k = idc{x) and (e 6.310) 

- Mf)M9)\\ < 3/4'=-\ (e6.311) 

for all f,g£ -Ffe, k = 1,2, .... It follows that, for any f,g£ C{X), 

lim llv^fcl/s') - 95fc(/)<^fc(5')ll = 0. (e6.312) 

fe— )-oo 

□ 

We have the following corollary. 

Corollary 6.8. Let Y be a finite CW complex and P G Mr{C{Y)) he a non-zero projection for 
some integer r > 1. Let X he a compact metric space ofY and let C = TT{PMr{C{Y))P), where 
IT : Mr{C{Y)) — )• Mr{C{X)) is the quotient map defined by ir{f) = f\x- Then there exists a 
sequence of finite CW complex Y D Yn D Yn+i each of which is a compact subset of Y and there 
exists a contractive completely positive linear map : C — )• P„(C(y„))P„ such that 

TTn o = idc, u = 1,2, ... and (e 6.313) 

lim \\ipn{f)M9) - Mf9)\\ = (e6.314) 

n— >oo 

for all f,gG C{X), where Pn = P\y„ o,nd Tin '■ C{Yn) — t- C{X) is the quotient map defined by 
vrn(/) = fix for all f G C(y„). 

Lemma 6.9. Let Y be a finite CW complex and P G Mr{C{Y)) be a non-zero projection for 
some integer r > 1. Let X be a compact metric space of Y and let C = TT{PMr{C{Y))P), 
where vr : Mr{C{Y)) — ?■ Mr{C{X)) is the quotient map defined by vr(/) = f\x- Suppose that 
A is a unital infinite dimensional separable simple C* -algebra with TR{A) < 1. For any n G 
KL(,[C, A)^^ , any affine continuous map 7 : T{A) — )• Tf(C) and any continuous homomorphism 
a : U{Moo{C))/CU{Moo{C)) — )• U{A)/CU{A) such that k, 7 and a are compatible, then there 
is a unital monomorphism h : C ^ A such that 

[h\ = K, /ij = 7 and = a. (e 6.315) 
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Proof. Let Yn, Pn, T^n and be as given by 16. 8i Let Bn = PnMr{C{Yn))Pn- Let {g^} be a 
sequence of non-zero projections such that T{q'^) < 1/n for ah r E T{A), n = 1,2,.... Since 
g^^g^ is a unital infinite dimensional simple C*-algebra of tracial rank at most one, by 16.31 
there exists a non-zero projection g„ < q'^ and a unital monomorphism ipQ,n '■ Bn — s- QnAqn, 
n = l,2,... 

Define 7„ : T{A) ^ Tf(S„) by 

7i(r)(6) =r(l-g„)7(r)(7r„(6)) + ro(^o,n(6) (e6.316) 

for all b £ Bn and for all r G r(y4). 

Define s„ : B„ by = /|y„ for ah / € n = 1, 2, .... 

Let Avn = Ko [vr^] be in HomA{K{Bn), K{A)) and let a„ : C/(Moo(-B„))/CC/(Moo(C)) ^ 
J7(^)/CC/(A) defined by a„ = q o 4- 

Note that Ki{Bn) is finitely generated (i = 0, 1). Let e„ > 0, C i?„ be a finite subset 
and Qn C K_{Bn) be a finite subset such that {en,J^n,'Pn) is a i^-triple and {en,J^n) is ifif-pair 
for 5n, n = 1, 2, .... Put Qn = [7rn](Pn), n = 1,2, .... We may assume that [sn]{'Pn) C Vn+i and 
Uj^^Qri = Let t/„ C C be a finite subset and let (5„ > be such that {Sn,Gn, Qn) is a 

K-triple. 

Choose, for each n, a finite subset Tn C -B^ such that SniJ^n) C J>i+i and U5^^7r„(J>i) is 
dense in C. Choose, for each n, a finite subset Tin C {Bn)s.a such that Sn(^n) C ^n+i and 
W^^^TTniTin) is dense in C^.q.. Choose, for each n, a finite subset Un C U{Mj^(^n){Bn)) (for some 
integer N{n)) such that Sn{Un) C Z^n,+i and Uj!)^]^7r„(W„) is dense in C/(Moo(C)). 

It follows from 16.61 there is, for each n, a unital monomorphism /i„ : Bn — A such that 

[hn] = Hn (e 6.317) 

ko/i„(/) -7„(r)(/)| < 1/2" for all / e ^„ and for all r G r(^) (e6.318) 
and dist(/i* (u),a„(u)) < 1/2" for all u^Un, (e6.319) 

n = 1,2, .... Define Ln = hn o ipn. Note that 

T^n°^n = idc and (e 6.320) 

lim ||(/p„(/g)-^„(/)(/p„(g)|| = for all /,5 G C (e6.321) 

n— ^-oo 

Thus, without loss of generality, we may assume that is ^n-i)-multiplicative. It then 

follows that from (|e6.320p and (|e6.317p that 

[KoVn\\Q„ = {i^n)\Q^, n = 1,2, .... (e6.322) 

By ()e 6.322P , ()e 6.318P , ()e 6.319P , combining 16.21 and applying 15.51 we obtain a subsequence 
hn^ ° 92nfc : C ^ A and a sequence of unitaries {u^} C A such that 

II Ad TXfc o o ^n^^^ if) - Ad Uk-i o o (/) II < l/2'^+i (e 6.323) 

for all f £ Tk-li follows that {Ad Uk-i o hn^, ° (/)} is Cauchy for all f G C. Define h : C ^ A 
by 

h{f) = lim Aduk-i o hn^ o ifn^if) for ah f £ C. 

fc— >oo 

It is ready to check that h satisfy all requirements of the lemma. 

□ 
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Theorem 6.10. Let C be a unital AH-algebra and let A be a unital infinite dimensional sep- 
arable simple C* -algebra with TR{A) < 1. For any k E KLe{C, A)^~^ , any affine continuous 
map 7 : T{A) — )• Tf(C) and any continuous homomorphism a : U {M^{C)) / CU {M^{C)) — )• 
U{A)/CU{A) such that k, 7 and a are compatible, then there is a unital monomorphism h : 
C ^ A such that 

[h] = K, = 'J and = a. (e 6.324) 

Proof. Write C = lim„_j.oo(^n; V'n); where i?„ = P„M^(„)(C(y„))P„, y„ is a finite CW complex, 
Pn G M^(„)(C(y„)) is a projection and '■ Bn ^ Bn+i is a unital homomorphism. Denote 
by ipn,oo '■ Bn — )• C the unital homomorphism induced by the inductive limit system. Then 
<fn,ooiBn) = QnMj.(n)iC{^n))Qn, where X„ C y„ is a compact subset, Q„ = 7rn(P„) and 
where 7r„ : Mr(„)(C(y„)) — )■ Mr(„)(C(X„)) is the quotient map defined by iTn{f) = Put 
Cn = fn,oo{Bn)- We will identify C„ with Q„Mr(„)(C(X„))(5n and write C = U^^^Cn, where 

Denote by in ■ Cn ^ Cn+i and in,oo : — )• C be the embedding, respectively. Let k„ = 
[«n,oo] be in HomA{K{Cn),K{A)) and let a„ : [/(Moo(C„))/CC/(Moo(C)) ^ C/(^)/C[/(A) 
be defined by Let (^n,oo)t) : ^f(C) ~^ Tf(C„) be induced by Zn^oo and define 

7„ : T{A) Tf{Cn) by (^^^,oo)tt o 7- Put Q„ = [2„,oo](7^n), n = 1,2,.... We may assume that 
Uj^^Qri = :K(C')- Choose, for each n, a finite subset J^n C C„ such that Tn C and U^^^Tn 
is dense in C. It follows from 16.9] there is, for each n, a unital monomorphism tpn '■ Cn — )• A such 
that 

= ((^„)j = 7„ and ipl = an (e 6.325) 

n = 1, 2, .... By applving l5.10l for each n, there exists a unitary Un € A (with uq = 1) such that 
IIAd (/) - Adn„_i o ¥?„(/) II < 1/2" for ah / e J"„, (e 6.326) 

n = 1,2, .... We obtain a unital monomorphism /i : C — )• j4 such that 

h{f) = lim Ad n„ o o ?„(/) for all f & C. (e 6.327) 

n— ^00 

One checks that h meets all requirements of the theorem. 

□ 

Corollary 6.11. Let C be a unital AH-algebra and let A be a unital infinite dimensional sepa- 
rable simple C* -algebra with TR{A) < 1. For any k £ KLe{C, A)~^^ , any affine continuous map 
7 : T{A) — )• Tf(C) and any continuous homomorphism a : Ki{C) — t- AS(T{A))/Kq{A) such 
that K, 7 are compatible, then there is a unital homomorphism h : C ^ A such that 

[h] = K, /ij = 7 and h^ = a. (e 6.328) 
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